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1 Introduction 

The quantum group SU q (2) has already a rather long history of studies [33] being one of the 
finest examples of quantum deformation. This includes an approach via the noncommutative 
notion of spectral triple introduced by Connes [10, 15] and various notions of Dirac operators 
were introduced in [2,4,6,13,28]. Finally, a real spectral triple, which was exhibited in [21], 
is invariant by left and right action of U q (su(2)) and satisfies almost all postulated axioms of 
triples except the commutant and first-order properties. These, however, remain valid only up to 
infinitesimal of arbitrary high order. The last presentation generalizes in a straightforward way 
all geometric construction details of the spinorial spectral triple for the classical three-sphere. In 
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particular, both the equivariant representation and the symmetries have a q — > 1 proper classical 
limit. 

The goal of this article is to obtain the spectral action defined in [7] by 

S(V A ,*,A) :=Tr($(V A /A)) (1) 

where T> is the Dirac operator, A is a selfadjoint one-form, T> A = T> + A + JAJ^ 1 and J is the 
reality operator. Here, $ is any even positive cut-off function which could be replaced by a step 
function up to some mathematical difficulties investigated in [23] . This means that S counts the 
spectral values of \T> A \ less than the mass scale A. Actually, as shown in [8] 

S(V A ,<f>,A) = Yl ^•A fe /|^Ar fc + < I>(0)CD A (0) + O(A- 1 ), (2) 

0<keSd+ 

WO) =C D (Q)+J2 ( -^-f (AV- 1 )*. (3) 

; — 1 J 



fe=l 



where D A = T> A + P A , P A the projection on KerP^, = | J °° t k l 2 1 dt, d is the spectral 
dimension of the triple and Sd + is the strictly positive part of the dimension spectrum Sd of 
(A, H, V). Here, Sd + = Sd = { 1, 2, 3 }, so 

S(P A ,<D,A)= ^ $ k A k -[\D A \- k + m(D A (V)- (4) 

l<fe<3 

Recall that the tadpole of order A k is the linear term in A e S7]^(_4.) in the A fc part of ([!]). 
Note that there are no terms in A~ k , k > because the dimension spectrum is bounded below 
by 1. This spectral action has been computed on few examples: [3,8,9,15,22,24-26,30,34]. 
Here, we compute (jl]) with the main difficulty which is to control the differential calculus gen- 
erated by the Dirac operator. To proceed, we introduce two presentations of one-forms. The 
main ingredient is F = sign (T>) which appears to be a one- form up to OP~°°. 
In section 2, we discuss the spectral action of an arbitrary 3-dimensional spectral triple using 
cocycles. 

In sections 3 and 4 we recall the main results on SU q {2) of [21] and show that the full spectral 
action with reality operator given by ^ is completely determined by the terms 



A q \V\~ p , l<q<p<3. 



This question of computation of spectral action was addressed in the epilogue of [37]. 
In section 5, we establish a differential calculus up to some ideal in pseudodifferential operators 
and apply these results to the precise computation of previous noncommutative integrals. 
Section 6 is devoted to explicit examples, while in next section are given different comparisons 
with the commutative case of the 3-sphere corresponding to SU(2). 

2 Spectral action in 3-dimension 
2.1 Tadpole and cocycles 

Let (A,Ti.,V) be a spectral triple of dimension 3. For n G N* and dj E ^4, define 

4> n {a , ■ ■ ■ ,a n ) := ^ a [£>, ai]£> -1 • • • \D,a n \D~ l . 
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We also use notational integrals on the universal n-forms ^"(.4) denned by 

/ aodai ■ ■ ■ da n := n (a o ,ai, ■ ■ ■ ,a n ). 
and the reordering fact that (dao)ai = d(aoa±) — aoda\. 

We use the b — B bicomplex defined in [10]: b is the Hochschild coboundary map (and b' is 
truncated one) defined on n-cochains by 

b(f>(a , ... , a n+ i) := b'(f>(a , ... , a n+1 ) + (-l) n+1 <p(a n+ ia , ai, . . . , a n ), 

n 

b'<f)(a , a n+ i) := ^(-l) J 0(a o , . . . , aja j+1 , a n+1 ). 
3=0 

Recall that -Bo is defined on the normalized cochains n by 

Bo^ n (a ,ai,... ,a n -i) := n (l, a , . . . , a n _i), thus / dw = / lo for to £ Q,^ 1 (A). 

J <f>n J Bo<frn 

Then B := NBq, where N := 1 + A + ... A™ is the cyclic skewsymmetrizer on the n-cochains 
and A is the cyclic permutation A0(ao, • • • , a n ) '■= ( — l) n 0( a n 5 aoj ■ ■ ■ > a n-i)- 
We will also encounter the cyclic 1-cochain N<f>i: 

AT^i(a ,ai) := ^i(a ,ai) - 0i(ai,a o ) and / a dai := AT0i(a o , a{). 

JNfa 

Remark 2.1. Assume the integrand off is inOP~^. Since [X> _1 ,a] = — D _1 [D, a]!?" 1 £ OP~ 2 , 
this commutator introduces a integrand in OP~ so has a vanishing integral: under the integral, 
we can commute V^ 1 with all a £ A and all one-forms. 

Lemma 2.2. We have 

(i) 60i = -0 2 . 

(it) 60 2 = 0. 

(Hi) b<ps = 0. 

(iv) B<\> x = 0. 

(v) B cf> 2 = -(l-\)(t> 1 . 

(Vi) 6£ O 02 = 20 2 + £ O 03- 

(vii) B(j)2 = 0. 

(viii) 5 o 3 = iV6 / 0i- 

(ix) -B03 = 35 o 3 . 

Proof, (i) 

60i(a o ,ai,a 2 ) = j- a ai[P, a 2 ]£> _1 - j- a (ai[P,a 2 ] + [X>, ai]a 2 ) ^t^ 1 + j a 2 a [T> , a^V' 1 

= j a [V, ai] (X>- 1 a 2 - a 2 ^~ 1 ) = a [£>, ciip -1 ^ as]!?- 1 
= -02(ao,ai,a 2 ) 
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where we have used the trace property of the noncommutative integral. 
(ii) 6^2(00,01,02,03) 

= j o oi [V, a 2 \D~ l [V, a 3 ]V~ l - j a (o x [V, a 2 ] + [V, ai]a 2 ) P" 1 [V, a 3 ]V- 1 

+ ja [V,a l ]V- 1 (a 2 [V,a 3 } + [D, o 2 ]a 3 )^ 1 - 4 o 3 o [P, ai]!?- 1 ^, a 2 \V- 1 

= ja Q [V,a 1 ] (V- 1 a 2 -a 2 V- 1 ) [P,a 3 ]^ 1 + ^ a [V, a^V^p, a 2 ] (agD" 1 - P _1 a 3 ) 

= a [Z>, aip" 1 ^ a 2 )V- l [D, a^V' 1 + ^ a Q [P, a^V' 1 [V, a^V' 1 [D, a 3 )V~ l 
= 0. 

(Hi) Using Remark |2.1|, we get ^3(00,01,02,03) = jao[D, ai][P, a 2 ] [V, a 3 ]|P| -3 , so similar com- 
putations as for <f> 2 gives b(p 3 = 0. 

(iv) Bofa (ao) = / [P, ooJP^ 1 = / (Va V~ l - a ) = 0. 

(u) B ^ 2 (a ,ai) =j[V,a \D- 1 [V,a l ]V- 1 = j aoV'^V, ai] - j a [V , a^V' 1 
= -l clqcli — -j- aoD~ x a\D — J- ao[T>, a^D -1 

= -^"ai[P,a ]P _1 - J a [V,a 1 ]T>'~ 1 = -0i(ai,a o ) - </>i( a o,ai). 
(fi) Since — 6A0i(ao, 01, a 2 ) = <^i(a 2 , aooi) — </>i(aia2, ao) + </>i(ai, 0200), one obtains that 

— 6A0i(ao, ai, 02) = aoaiP~ 1 a2l ) + aoP^aiDa^ — aoP^a^P — aoOi<i2. 
So by direct expansion, this is equal to — ^clqD \D, ai]T>~ 1 ['D, a 2 ] which means that 
-bXMao, 01, o 2 ) = j [TT 1 , a ][V, a^V^p, a 2 ] - a [V, a^V^p, a^V' 1 

= ~B (f) 3 (a ,ai,a 2 ) - 4> 2 (a ,ai,a 2 ). 
Now the result follows from (i), (v). 

(vii) B<t> 2 = NB (f> 2 = -N(l - A)0i = since N(l - A) = 0. 

(viii) B Mao,a u a 2 ) = J[V,a }V- 1 [V,ai]V- 1 [V,a 2 ]V- 1 

= j aoV' 1 [V, a^V' 1 [V, a 2 ] - j a [V, a^V' 1 [V, a 2 \V~ x 

= ja a 1 V- 1 [V,a 2 ] - j a V- l ai [V, a 2 ] - j a [V, ai ]V~ l [V, a 2 \D~ l 

= j- aoaia 2 — j- aQa\D~ x a 2 T> — j- clqD~^ a{Da 2 + J- clqD~^ a\a 2 T> 

-Ja [D,a 1 \D- 1 [D,a2\D- 1 

= j- aoaia 2 — a 2 T>a\aoD~ x + a\a 2 VaQD~ x + G^DooOil? -1 
— (aQVaia 2 V~ l — a§Da\D~ — aoaiT>a 2 T>~ 1 + 000102) . 



Expanding (id + A + \ 2 )b'(f)i(ao, ai, 02), we recover previous expression. 

(ix) Consequence of (viii). □ 

2.2 Scale-invariant term of the spectral action 

We know from [8] that the scale-invariant term of the action can be written as 

Cd a (0) - Cd(0) = -JaV~ 1 + \j AV~ l AV~ l - \j AV- X AV- X AV- X . (5) 

In fact, this action can be expressed in dimension 3 as contributions corresponding to tadpole 
and the Yang-Mills and Chern-Simons actions in dimension 4: 

Proposition 2.3. For any one-form A, 

W°)-Cd(0) = -| / A + \ [ (dA + A 2 )-\ [ (AdA + ^A 3 ). (6) 

To prove this, we calculate now each terms of the action. 

Lemma 2.4. For any one-form A, we have 
V 4 dA = J B ^ 2 A = -f (f>i A- f X4>i A. 
(H)§AV-i = ^ i A=\$ Ntj>i A-\J (j>2 dA. 
(in) jAV^AV^ = - 4 AdA + ^ A 2 , 
(iv) jAV^AV^AV^ 1 = A 3 . 

Proof, (i) and (ii) follow directly from Lemma 12.21 (v). 
(Hi) With the shorthand A = aidbi (summation on i) 

j AV^AV- 1 =ja [V, 6 ]P _1 ai [V, b^V' 1 

= - AdA + I aolV^ojaihV- 1 - 4- a [P, fcoH^ -1 ^- 
J(f> 3 J J 

We calculate further the remaining terms 

j- ao\P, bo]aibiT> _1 — j ao[T>, &o]aiX> -1 6i = j- aoVb^aibiD _1 — -j- aoboVaibiV^ 1 

a§b§Va\V b\, 

which are compared with A 2 = ao(dbo)aidbi = f, aod(boai)dbi — a^bodaidbi: 
f A 2 = I a^VMa^V-^VMV^- 1 - I a^\D ,a x \V~ x \D 

= j- aoVboaibiV" 1 — j- aoVb^aiD^bi — J- aQb§a\Db\D~ x + j- a^aibi 

— -j- aoboVaibiV^ 1 + -J- aobo'Dai'D~ 1 bi + j- aobodxDbiD* 1 — j a^b^aibi 
aoVboaibiV^ 1 — 4 biaoVboaiV' 1 — 4- aoboVaibiV^ 1 + 4- biasboDaiD -1 . 



(iv) Note that 



ao(dbo)ai(dbi)a,2db2 = / aod(6oGl)^(&l&2)<$>2 — aobodaid(b\a2)db2 



A 3 -- 

03 J 03 J 03 

— aod(boaibi)d(a2db2 + aobod(aibi)da2db2 



a [V, boa^V-^V, 6 1 a 2 ]D~ 1 [^ b 2 ]V- 1 - a b [V, a^V^p, b 1 a 2 ]V- 1 [V, b 2 }V- 1 
- a [V, boa^V-^V, a 2 ]p- x [P, b 2 ]V- 1 + a b [V, mhp-^V, a 2 ]V- 1 [V, b 2 ]TT 1 . 
Summing up the first two terms and the last two ones gives 

[ A 3 = Ia [V,bo}a 1 V- 1 [V,b 1 a 2 }V- 1 [V,b2}V- 1 -a [V,b }a 1 b 1 V- 1 [V,a2}V' 1 [V,b2}V-\ 

703 J 

Using Remark 12 .H we can commute under the integral T>~ 1 with all a G A and similarly 

j AV^AV^AV- 1 = j a o [T>, 6 ]ai£>~ 1 [V, 6i]a 2 £>~ 1 [V, b 2 ]V- 1 

which proves (if). □ 
We deduce Proposition 12.31 from ([5]) using the previous lemma. 

3 The SU q {2) triple 
3.1 The spectral triple 

We briefly recall the main facts of the real spectral triple (A{SU q {2)), H, V) introduced in [21], 
see also [4, 5, 13]. 

The algebra: 

Let A := A(SU q (2)) be the *-algebra generated polynomially by a and 6, subject to the following 
commutation rules with < q < 1: 

ba = qab, b*a = qab*, bb* = b*b, a*a + q 2 b*b=l, aa* + bb* = 1 . (7) 

Lemma 3.1. For any representation tt of A, 

Spect(n(bb*)) = { 0, q 2k | \k G N } or tt(6) = 0, 

Spect(ir(aa*)) = { 1, 1 - q 2k \ k G N } or tt(6) = and n(a) is a unitary. 

Proof. [31] Since { } U a(/K{aa* )) = {0} Ucr(7r(o*a)), we get 

{1}UB = {1}U? 2 B (8) 

if B := a(n(bb*)). Since < ir(bb*) < 1, so B is a closed subset of [0, 1]. Assume 6/0. 
Let s := sup(-B) and suppose s / 1. Then s = q 2 x where x G B. Thus s = g 2 j; < x < s gives 
s = and the contradiction 6 = 0, thus 1 G B. Similar argument for inf(S) implies OsB. 
Let C := { 0, q 2k \ k G N } C B and assume B\C + 0. Then B\C = {q 2 B)\C by © and this is 
equal to q 2 (B\C) since > 1. If s := sup(B\C), then s = lim n (q 2 x n ) where x n G B\C and 
s = q 2 lim n x n < g 2 s implying s = 0. But 2?\C C { } yields a contradiction, so B\C = 0. □ 
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This lemma is interesting since it shows the appearance of discreteness for < q < 1 while for 
q = 1, SU q (2) = SU(2) ~ S 3 and the spectrum of the commuting operator ir{aa*) and 7r(66*) 
are equal to [0,1]. Moreover, all foregoing results on noncommutative integrals will involve q 2 
and not q. 



Any element of A can be uniquely decomposed as a linear combination of terms of the form 
a a b l3 b* y where a G Z, ft, 7 G N, with the convention 



a -M :=a * H . 

The spinorial Hilbert space: 

H = Ti) © has an orthonormal basis consisting of vectors \j[in\) with j = 0,^,1,..., 
A* = -J, • • • J and n = ■ ■ -,j + , together with \j^n[) for j = \, 1, . . . , \i = -j, ...,j and 
n = (here := x ± ^). 

It is convenient to use a vector notation, setting: 

W:=(K) (9) 

and with the convention that the lower component is zero when n = ±(j + ^) or j = 0. 

The representation it and its approximate n: 

It is known that representation theory of SU q {2) is similar to that of SU(2) [39]. The represen- 
tation 7r given in [21] is: 



ir(a) \jfin}} 
7r(6) \jfjm)) 

vr(a*) |j>n)) 

vr(&*) | 



liV + ^-)) + %„ ir^ + n-)), 

\3 + »-n + )) + ft~ mn \r»-n + )) (10) 



where 



01 ■ ■= 



, / -,--l/2 >/b+"+3/2] 

/ M+ n-l/2r- + +1 1 « [2j+2] " 

U-^A*1- J 1/2 > /b--n+l/2] — j Vb+n+1/2] 

\ ^ [2j+l][2j+2] « [2j+l] 
y/b-n+1/2] l/2 \/b'+"+V2] 



wOM+n+l/2r ? -_„l 9 [2J+1J 9 [ 2j][2j+l] 



Vb-n+3/2] Q 



„_,_! Vb'+"+V2] „-l/2 >/b-"+V2] 
« [2j+l][2j+2] « [2j+l] 



„-l/2 V / [j+"+ 1 /2] Vb-n+1/2] 
"9 [2j+lJ "9 [2jj[2j+lj 

Vb'+n-l/2] 

u m — 



with af,,„ := (a T ± _ _)* , /£F,„ := (At _ ,)* and with the q-number of a G R be defined as 



\a] := 
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For the purpose of this paper it is sufficient to use the approximate spinorial ""-representation tt 
of SU q (2) presented in [21,38] instead of the full spinorial one it. 
This approximate representation is 

7r(a) := a + + a_, Mb) := b + + 6_ 

with the following definitions: 

a + \jnn)) := q J++fl+ ( q + ° ) 



a- \jfin)) 
b+ \jfin)) 
b- \jfin)) 



_ q j+^i j+o+n o )| rAi +„-)). (ii) 



All disregarded terms are trace-class and do not influence residue calculations. More precisely, 
ir(x) — 7r(x) G /C g where /C g is the principal ideal generated by the operators 

J q \mn)) :=q j \jtm)). (12) 

Actually, fC q is independent of q and is contained in all ideals of operators such that fi n = o{n~ a ) 
(infinitesimal of order a) for any a > 0, and K, q C OP~°°. 

We define the alternative orthonormal basis v J 2 , and vi} , and the vector notation 



<; : = ft' ) where v ll,i : = \h rn-j,l- j + , f), ^ := |j, m-j,l- j~ , j). 



Here j G |N, < m < 2j, < Z < 2j + 1 and is zero whenever j = or I = 2j or 2j + 1. 
The interest is that now, the operators a± and b± satisfy the simpler relations 

«+ v L,i = Qm+i ii+i v £+i,i+i > a - v L,i = i m+l+1 V L,l > 

h + V L,l = J 1rn+l v£ +1 j , 6- V> m l = -q m gi V ] m l _ x . (13) 

Thus 

< V m,l = qi , a* = (T +l+l <^ , 

<i = ?* 9m - 6 - <i = «+i • (14) 

Moreover, we have 

a_a + = a + a_ , = q 2 b + b- , = Q a+b+ , b-d- = q a_6_ , 

a_a + = q a + a_ , a_a_ = a_a_ , a_o + = go + a_ , a_b-=qb-a_, 

a* + a- = q 2 a_a+ , b*_b+ = b+b*_ , b*_a+ = q a + b*_ , a_6 + = qb + a- . (15) 

Note for instance that 

b +K v L,i = ^il <, , K b + v L,i = i 2l i m+ i v L,i > 



9 



so applied to v J ml , we get the first relation (and similarly for the others) 

a* + a + - q 2 a + a* + + q 2 (b* + b + - b + b* + ) = l-q 2 , (16) 

a + a+ + a_a* + b + b% + b-b*_ = 1, (17) 

a%a+ + a*_a_ + q 2 (b* + b+ +b*_b_) = 1, (18) 

ala_ - q 2 a_al + q 2 b*_b„ - q 2 b^b*_ = 0, (19) 

a+a*_ + b*_b + = 0, a*_a+ + q 2 b*_b + = 0, (20) 

a_a;+6;6_ = 0, a^a_ + 6^6_ = 0, (21) 

b + b* + -b%b + + b-b*_-b*_b_ = 0, (22) 

g a + 6_ — 6_a + + g a_6 + — 6 + a_ = 0. (23) 



And two others: 

Note that we also use two other infinite dimensional ^representations ir± of A on ^ 2 (N) defined 
as follows on the orthonormal basis { e n : n £ N } of £ 2 (N) by 

ir±(a)e n := q n+l e n+1 , w±(b) e n := ±q n e n , (24) 
q n := y/l - q 2n . 

These representations are irreducible but not faithful since for instance ir±(b — b*) = 0. 
The Dirac operator: 

It is chosen the same as in the classical case of a 3-sphere with the round metric: 

V\j^n)):=^%_\)\mn)), (25) 

which means, with our convention, that T)v^ ml = {"^ + \- °i) v m i- Note that this operator is 

u — ZJ — ^ 

asymptotically diagonal with linear spectrum and 

the eigenvalues 2j + | for j G ^N, have multiplicities (2j + l)(2j + 2), 
the eigenvalues — (2j + |) for j E ^W, have multiplicities 2j(2j + 1). 

So this Dirac operator coincide exactly with the classical one on the 3-sphere (see [1,32]) with 

a gap around 0. 

Let T> = F\T>\ be the polar decomposition of T>, thus 

\V\\j^n)} = { d ^^\j^n}}, dj :=2j + l, (26) 
F\mn)) = {l (27) 
and it follows from (jlip and (|27p that 

F commutes with a±, b±. (28) 



XYie reality operator: 

This antilinear operator J is defined on the basis of TC by 

J|j>,n,T) :=i 2 ^ + ^\j,-^-n,]), J\j,l*,n,l) ■= i 2 ^~^ \j, -//, -n, j) (29) 
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thus it satisfies 

J- 1 = - J = J* and VJ = JV, 

T„J'T _:2(m+l)-l j'l r Jl _ — 2(m+Z)+l,J-l 

^ "m,/ ~~ 4 y 2j-m,2j'+l-Z ' ^ w mJ ~~ 4 u 2j-m,2j-l-l 



The Hopf map r 

For the explicit calculations of residues, we need a *-homomorphism r : X — » 7r+(^4) 03 7r_(«4) 
defined by the tensor product in the sense of Hopf algebras of representations 7r + and 7r_: 

r(o + ) := vr + (a) (g> vr_(a), r(a_) := -qir + (b) (g> vr_(6*), 

r(6+) := -7r+(a) ®vr_(6), r(6_) := -vr+(6) vr_(a*). (30) 

In fact, A is a Hopf *-algebra under the coproduct A (a) := a®a — qb®b* , A(6) := a(g)& + &(g>a*. 
These homomorphisms appeared in [39] with the translation a *-* a*, 7 *-* —b. In particular, if 
U := (_ a qb * a *) is the canonical generator of the Ai(„4)-group (Aa, Afe) = (a, b)®U where the 
last <g) means the matrix product of tensors of components. 

The grading: 

According to the shift j — * appearing in formulae (|13p . (I14p . we get a Z-grading on X defined 
by the degree +1 on a+, 6+, a_*, 6_* and —1 on a_, 6_, a + *, 

Any operator T £ X can be (uniquely) decomposed as T = J2jeJcz^j where Tj is homogeneous 
of degree j. 

For T E X, T° will denote the 0-degree part of T for this grading and by a slight abuse of 
notations, we write r(T)° instead of r(T°). 

The symbol map: 

We also use the *-homomorphism a: tt±(A) — > C°°(S' 1 ) defined for z 6 S* 1 on the generators by 

a(7r ± (a))(z) := z, «7(ir±(a*)) (z) := z , ^±(6)) (*) = <r{n±(b*)) (z) := 0. 
The application (cr a) o r is defined on A (and so on £>) with values in C 00 ^ 1 ) <8> C°°(iS' 1 ). 

We define 

cff := [V,T] and <5(T) := [\V\,T\. 

Lemma 3.2. a±, 6± are bounded operators on 7i such that for all p £ N, 
(%)8{a ± ) = ±a ± , 5(b±) = ±b±, 

(ii) 5P(TL(a)) = a + + (-l) p a_ , <P(vr(&)) = 6+ + (-l) p 6- , 
<5(«4) = ±pa p ± , 5(b p ± ) = ±pb p ± . 

Proof, (i) By definition, a± \ j/Jtn)) = (q* |i =t /^ + w + )) where the numbers ay- and /3± depend 
on j, /i, n and q, so we get by ([26]) 



= ( o a± ±&) |j V" + » = ±a± liW) 

and similar proofs for 6±. 

(ii) and (iii) are straightforward consequences of (i) and definition of n. □ 
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We note 

B the *-subalgebra of B(7i) generated by the operators in 6 k (ir(A)) for all k G N, 
y%(A) the algebra generated by 5 k (ir(A)) and 5 k ([V, n(A)]) for all k G N, 
X the *-subalgebra of BiTi) algebraically generated by the set {a±,b±}. 

Remark 3.3. By Lemma VJ.ty we see that, modulo OP~°°, X is equal to B and in particular 
contains ir(A). 

Using (|28p . we get that B C ^(.A) C algebra generated by B and BF. 
Note that, despite the last inclusion, F is not a priori in \I/q(,-4). 



3.2 The noncommutative integrals 

Recall that for any pseudodifferential operator T, -f T := ResC|J(s) where C©( s ) := Tr(T|D|~ s ). 

Theorem 3.4. The dimension spectrum (without reality structure given by J) of the spectral 
triple (A(SUq(2)),TC,D) is simple and equal to {1,2,3}. 
Moreover, the corresponding residues for T G B are 

Jt\V\- 3 = 2(T 1 ®Ti)(r(T)°) 1 

j T\V\- 2 = 2( n ® t + r ® n) (r(T)°) , 

/rlPl" 1 = (2T0®T -iTl®T 1 )(r(T) ), 

j FT\V\- 3 = 0, 
j FT\V\~ 2 = 0, 

jFT\V\~ l = (T <g>Ti-Ti<g>T Q )(r(T) ), 
where the functionals tq , T\ are defined for x G 7T± (.4) fry 



/•27T 

T (x) := lim (T-atz-^ + I)^)), n(s) := ^ / a(x)(e ie )^, 

Proof. Consequence of [38, Theorem 4.1 and (4.3)]. □ 

Remark 3.5. Since F is not in B, the equation of Theorem 3.4 are not valid for all T G \I/o(.A) . 
But when T G ^>° (A), $T\V\~ k = for k $ {1,2,3} since the dimension spectrum is {1,2,3} 
[38]. 

Compared to [38] where we had 

tI(x) := lim Txat x - (N + |) n(x), r^(x) := lim Ttat x - (N + \) n(x), 
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we replaced them with To: 

tI=t -\t 1: 7jf = 7D + iri. 
Note that t\ is a trace on tt±(A) such that Ti(l) = 1, while To is not since tq(1) = and 

<x> 

ro(vr ± (aa*)) = to ^(1 - g 2n ) - (N + 1) = (31) 

so, because of the shift, the replacement a *-* a* gives 

T (ir±(a*a)) = q 2 T (ir±(aa*)) . (32) 

3.3 The tadpole 

Lemma 3.6. For SU q (2), the condition of the vanishing tadpole (see [15]) is not satisfied. 

Proof. For example, an explicit calculation gives fn{b)\P, 7r(6*)]l? _1 = x 2 ^ : 
Let x,y G 7r(„4). Since [F, z] = 0, we have 



jx[V,y]D- 1 = jx5{y)\V\- 1 = r' (r(xS(y))°) 



where r' := 2 To <8> to — ^ ri (g> t\ . 

By Lemma EH tt(&) J(tt(6*)) = (&+ + &-)((&-)* - (6+)*) = -&+&+* + + &+&-* - &-&+*• 

Since only the first two terms have degree 0, we get, using the formulae from Theorem 13.41 

r'(r(-b+b + *)) = -T'(ir + (aa*)®iT_(bb*)) 

= -2T (<K + (aa*))T {TT-(bb*)) + iT 1 (^ + (aa*))T 1 (^_(66*)) 

and Ti(vr + (aa*)) = ^ j 2n 1 d6 = 1, ti(tt_(&&*)) = 0. Similarly, using ([32]) 

T'(r(-6_6_*)) = 2T M&&*))T (Ma*a)) = 2q 2 T {7r.(aa*))r (7T + (bb*) . 

Since T (vr ± (&&*)) = Tr (tt ± (&&*)) = £"=o9 2n = ^ and 

-f^mvMbip- 1 = 2^^ + = T 2 ¥ . □ 

In particular the pairing of the tadpole cyclic cocycle 4>i with the generator of iiTi-group is 
nontrivial: 

Remark 3.7. Other examples: with the shortcut x instead of vr(x), 

(n (8) n) r(a<5(a*)°) = -1, (n Ti)r(a*<5(a)°) = 1, 

(r (8> t ) r(a^(a*)°) = ^ , (r 8> r ) r(a*J(a)°) = ^ , 

j aSia^Pl' 1 = , ja*5{a)\V\- 1 = |^ , 

wtfOT -1 = o, jb*5{b*)\v\~ l = 0, 

In particular, N<&\ does not vanish on 1-forms since f N $ ada* = N$>i(a,a*) = —1. 
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Let U be the canonical generator of the Ki(A)-group, U = (_ a qh , acting on H C 2 . Then 
for A v := Yli=i<U kl )dv{U* hi), using above remark, / Ajj = -2 as obtained in [38, page 
391]: in fact, with P := 1(1 + F), 

k,l 

satisfies MU,U*) = 2^ k JU kl S(U* kl )P\V\~ 1 = A v . 

4 Reality operator and spectral action on SU q (2) 
4.1 Spectral action in dimension 3 with [F,A] G OP~°° 

Let (A,H,T>) a be real spectral triple of dimension 3. Assume that [F,A] € OP~°°, where 
F := V\V\~ l (we suppose V invertible). Let A be a selfadjoint one form, so A is of the form 
A = Y2i a idbi where ctj, b{ £ A. 

Thus, A ~ AF mod OP~°° where A := Y2i a-i&ipi) is the 5-one-form associated to A. Note that 
A and F commute modulo OP~°°. 
We define 

D A := V A + Pa, Pa the projection on Ker£> A , 
£> A :=£> + A, A:=A + JAJ _1 . 

Theorem 4.1. T/ie coefficients of the full spectral action (with reality operator) on any real 
spectral triple (A,7i,V) of dimension 3 such that [F,A] G OP~°° are 

(*) J\D A \- 3 =j\V\- 3 . 

(ii) j\ DK \-i=j\v\-*-AjA\D\-\ 

{Hi) j\D A \^ =j\V\- 1 -2-j- A\V\~ 2 + 2-j- A 2 \V\~ 3 + 2-j- AJAJ' 1 ^' 3 . 
(iv) ( Dh (0) = Cd(0) - 2 J A\V\" Y +fA(A + JAJ- y )\V\- 2 + j 5{A){A + JAJ' 1 )^' 3 

- lj A 3 \V\~ 3 - 2-£a 2 JAJ- 1 \T>\- 3 . 
Proof, (i) We apply [22, Proposition 4.9]. 

(ii) By [22, Lemma 4.10 (i)}, we have f\D A \' 2 = f l^l" 2 ~ j-( AV + VA + A 2 )|£>|~ 4 . By the 
trace property of the noncommutative integral and the fact that A 2 |D| -4 is trace-class, we get 
f\D A \~ 2 =/ 1£>|" 2 - 2fAV\V\~ 4 =f \V\' 2 -Aj A£>|£>|- 4 . Since A£> ~ A\V\ mod OP" 00 , we 
get the result. 

(iii) By [22, Lemma 4.10 (ii)], we have 

j\D A \- 1 =j\V\~ l - \j(KV + VK + K 2 )\V\- 3 + lj(AV + VA + A 2 ) 2 \V\- 5 . 
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Following arguments of (ii), we get 

j(AV + DA + A 2 )|D|~ 3 = 4 J A\V\~ 2 + 2-j- A 2 \V\~ Z + 2 J AJAJ~ l \V\~ z , 
j- (AD + DA + A 2 ) 2 |D|~ 5 = 8^ A 2 |D|~ 3 + 8 4 AJAJ' 1 ^' 3 , 
and the result follows. 

(iv) By [22, Lemma 4.5] gives ( Dh (0) = £* =1 ^/(AP" 1 )' . 

Moreover, we have f AD" 1 = 2jA\V\~ 1 and^AD" 1 ) 2 = 2$(A\V\- l f +2$ A\D\~ l JAJ- X \D\- X . 
Since 5(A) £ OP , we can check that j(A\V\- 1 ) 2 = j A 2 \V\~ 2 +j 5(A)A\T>\- 3 and, with the 
same argument, that j A\V\~ l JAJ~ x \V\~ l = f AJ AJ~ l \V\- 2 +f 5(A) JAJ' 1 ^" 3 . Thus, we 
get 

j(AV~ 1 ) 2 = 2jA(A + JAJ- l )\V\- 2 + 2^5(A)(A + JAJ~ l )\V\- 3 . (33) 
The third term to be computed is 

jCkV- 1 ) 3 = 2j(A\V\~ 1 f + ^j(A\V\- l ) 2 JAJ- 1 \V\- 1 + 2jA\V\- 1 JAJ- l \V\~ 1 A\V\- 1 . 

Any operator in OP~ A being trace-class here, we get 

^(AV- 1 ) 3 = 2-j^ A 3 \V\~ 3 + A 2 JAJ- l \V\~ 3 + 2-^ AJAJ^Apl' 3 . (34) 

Since j AJ AJ- 1 A\V\- 3 = f A 2 JAJ- 1 \T>\- 3 by trace property and the fact that 5(A) £ OP , 
the result follows then from fl33l) and (1341. □ 



Corollary 4.2. For i/te spectral action of A without the reality operator (i.e. Da = T> + A), we 

get 

j\D K \- 2 =j\V\~ 2 -2j A\V\~ 3 , 

JidaI- 1 =j\v\- 1 -Ja\v\- 2 +j a 2 \v\~ 3 , 

Cd a (0) = Cp(0) -jA\V\~ l + \jA 2 \V\~ 2 + \j5(A)A\V\- 3 - \jA 3 \V\~ 3 . 
4.2 Spectral action on SU q (2): main result 

On SU q (2), since .F commutes with a± and b±, the previous lemma can be used for the spectral 

action computation. 

Here is the main result of this section 

Theorem 4.3. In the full spectral action (jl]) (with the reality operator) of SU q (2) for a one-form 
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A and A its associated 5-one-form, the coefficients are: 



j\D A \- 3 = 2, 

j\D K \- 2 = -Aj A\V\-\ 

jlD^' 1 = -\ + 2{ j A 2 \V\~ 3 - j A\V\' 2 ) + \fA\V\ 
( Da (0) = _ 2 ^|P|- 1 + jA 2 \V\- 2 - ljA 3 \V\- 3 
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+ j A\V\ - 3 (i jA\V\- 2 - j A 2 \V\~ 3 ) + \ j A\V\~ 3 j A\V\ ~ 2 . 



In order to prove this theorem, we will use a decomposition of one-forms in the Poincare-Birkhoff- 
Witt basis of A with an extension of previous representations to operators like TJT'J~ X where 
T and V are in X. 



4.3 Balanced components and Poincare-Birkhoff-Witt basis of A 

Our objective is to compute all integrals in term of A and the computation will lead to functions 

of A which capture certain symmetries on A. 

For convenience, let us introduce now these functions: 

Let A = J2i ^{x l )dn{y l ) on SU q {2) be one-form and A the associated 5-one-form. The x % 
and y % are in A and as such they can be uniquely written as finite sums x l = J2 a x l a m a and 
y % = Ylpy l /3 m where m a := a ai b a2 b* a3 is the canonical monomial of A with a,/3eZxNxN 
based on a fixed Poincare-Birkhoff-Witt type basis of A. 

Remark 4.4. Any one-form A = ^2 i TT(x i )diT(y l ) on SU q (2) is characterized by a complex valued 
matrix Aa = Yli x a Up where a, (3 G Z x N x N. This matrix is such that 

A = A 1 ^ Mp 

where M% := 7r(m a )<5(7r(m^)). 
In the following, we note 

A := Mp 

so for any p£N, f A\V\- p = jA\V\~P. 

This presentation of one-forms is not unique modulo OP~°° since, as we will see in section 5, 
F = Y^i Xidyi where Xj, yi G A, thus for any generator z, [F, z] = J2i Xid{yiz)—Xiyidz— zxidyi = 
mod OP~°°. We do not know however if this presentation is unique when the OP~°° part is 
taken into account. 

The 5-one-forms Mg are said to be canonical. Any product of n canonical <5-one forms, where 
n £ N*, is called a canonical 5 n -one-form. Thus, if A is a <5-one-form, A n = (A n )^Mp where 
a = («,«',■ ■■ ,a (n_1) ), = (/?,/?',■■■ ,/3 (n - 1} ) are in Z"xN"x N n , {A n )i := A p a ---A^l 
and is the canonical <5 n -one form equals to Mg ■ ■ ■ M^-ll ■ 
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Definition 4.5. A canonical S n -one-form is a-balanced if it is of the form 

(n— 1) a(n—l) 

For any 5-one-form A, the a-balanced components of A n are noted B a {A n )^ l . 
Note that 

Ba(A) 1 ? = A^ Q0 S ai+l 3 u0 S a2+a3+ /3 2+l 3 3}0 . 

Definition 4.6. A canonical 5 n -one-form is balanced if it is of the form 

m a 5(mP)---m a(n - 1) 8(mP in - 1) ) 

where £^ + = and EI=o <4° + = E"=o 4° + $ ■ 

For any 5-one-form A, the balanced components of A n are noted B(A n )^. 

Note that 

B ( A )i = A-fcazas <W|9i,0<W/3 2 ,e*3+Ar 

As we will show, a contribution to the /^-coefficient in the spectral action, is only brought by 

one- forms A such that A k is balanced (and even a-balanced in the case k = 1). 

Note also that if A is balanced, then A k for k > 1 is also balanced, whereas the converse is false. 

4.4 The reality operator J on SU q {2) 
For any n,p£N, 



q n : = \A - q 2n , q-n ■= if n > 0, 

T _ 1 

<?n,p : ~ Qn+1 ■ ■ ■ Qn+p , q n ,p '■— qn--- Q n -(p-l) > 

with the convention ^ = q^ := 1. Thus, we have the relations 

ei ) &n — qn,p ^-n+p i 7T± [fl ) &n — qn,p ^n—p i 

7T±(6P) e n = (±q n ) p e n , 7t ± (b* P ) e n = (±q n ) p e n , 

where := if k < 0. 

The sign of x G R is noted By convention, cij := a, a±j := a± if J > and cij := a*, 
a ±,i := a ± if 3 < 0- Note that, with convention 

T T t 

q n "p ■= q ] n)P if «i > 0, ^ := q^ p if Qi < 0, and q n % : = 1, 

T 

we have for any a\ G Z and p < «i, ^(a&J e n = g n °p £n+r/ ai p- 
Recall that the reality operator J is defined by 

T 7 .iT _ -2(m+I)-l JT r.J'i _ -2(m+i)+l.J'l 

J °m,l — 1 U 2j-m,2j+l-l ' J y m,/ — 1 U 2j-m,2j-l-l ' 

thus the real conjugate operators 

a± := Ja±J~ 1 , b± := Jb±J~ 1 
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satisfy 

a + U m,«-— y2j+l-m ^ o q2j _ l ) v m,l^ a - V m,l-— 1 \ q 2 i~ l I V m-l,l-l ' 

°+ V m,« y2j+l-m ^ q q 2j-l-l) v m,l+l ' °~ "m,/ - — 9 I q 2 j-i-l) V m-l,l ' 

So the real conjugate operator behave differently on the up and down part of the Hilbert space. 
The difference comes from the fact that the index I is not treated uniformly by J on up and 
down parts. 

We note X the algebra generated by { a± , b± } , X the algebra generated by { a± , b± , a± , b± } 
and H' := ^ 2 (N) (8 £ 2 (Z) and we construct two ^representations tt± of A: 
The representation n + gives bounded operators on TC while 7r_ represents .A into /3(W (8 C 2 ). 
The representation n + is defined on the generators by: 

7? + (a) e m (g> e 2 j := ?2j+l-m ^ <8 £2,3+1, ?f+(&) £m <8 £2j := -q 2j ~ m e m +\ <8 £ 2 j+\ 
while 7r_ is defined by: 

7f_(a) ^ (g> e 2 j <8 etl := -<?2j+i±i-/ £/ ® £2i+l <8 ^1 > 
7r_(6) £/ (8) e 2 j <8 en := -Q 2j±1 ~ l £l+i &> ^2j+i <8 £|i > 

where Efj * s the canonical basis of C 2 and the + in ± corresponds to f in fj. 
The link between tt± and ir± which explains the notations about these intermediate objects 
and the fact that tt± are representations on different Hilbert spaces, is in the parallel between 
equations (QUI). (1351) and (15oT). 

Let us give immediately a few properties (xp equals x if the sign j3 is positive and equals x* 
otherwise) 

T 

7f+(a /3 ) p e m e 2j = <l 2 j- m ,p £ ™ <8 £2j+ Vfj p , 

T 

^-{a p f ei <8 e 2j <8 e n = (-l) p <? 2 j±l-J, P ^ ® ^2j+ w 8> £fj > 

n-(b/3) p £i ®s 2 j ® £n = (-l) p q( 2j±1 ~ l)p ei +Vl3P ® e 2j+Vl3P ® e n . 

Note that the 7?± representations still contain the shift information, contrary to representations 

7r±. Moreover, 7r±(6) / 7r±(6*) while 7r±(6) = 7r± (£>*). 

The operators a±, 6± are coded on H' 'Si'H' <8 C 2 as the correspondence 

a + < — ► <8 7r_(a), a_ < — ► — g7r + (6*) (8) 7r_(6*), 

6+ < — ► -7f + (a) ® 7?_ (6) , 6_ < — ► -7? + (6* ) (8 7r_ (a* ) . (35) 

We now set the following extension to B{H') of n + and to B(7i' (8 C 2 ) of 7r_ by 

vr+(a) := vr + (a) V, 7r+(b) := vr+(6) (8 V (V is the shift of £ 2 (Z)), 
vr^(a) := vr_(a) ®7®1 2 , ttL(&) := vr_(6) <g> F (8 1 2 . 

So, we can define a canonical algebra morphism p from X into the bounded operators on 
Ti' (8 Ti! <8 C . This morphism is defined on the generators part { a± , 6-t } of X by preceding 
correspondence and on the generators part { a±, b± } by —see (i30]) : 

a + < — > vr^(a) (8 vr'_(a), a_ < — ► —9^(6*) (8 vr^_(6*), 

6+ < — ► -7r+( a ) ® 7r -( 6 )' 6 - < — > -^+( & *) ® 7T-(a*)- (36) 
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We note S the canonical surjection from H' <8> Ti! <8> C 2 onto H. This surjection is associated 
to the parameters restrictions on m,j,l,j'. In particular, the index j' associated to the second 
^ 2 (N) in ?{'<£>?{'<£> C 2 is set to be equal to j. Any vector in H' ® W <S> C 2 not satisfying these 
restrictions is sent to in 7i. 

Denote by / the canonical injection of Ti into Ti' (g> Ti' C 2 (the index j is doubled). Thus, 
Sp(-)I is the identity on X. 

In the computation of residues of (v functions, we can therefore replace the operator T by 
Sp(T)I. 

We now extend tq on tt'±(A)tt±(A): For x,y G A, we set 

N 



Ti N (vr+(»7r + (y)) := ^ (e m (g> e N , vr+(x)7r + (y) e m ® e N ) , 

m=0 
N 

Tr^ {Tr'_(x)TT-(y)) := ^ (e; e N ^ ®£ T , 7r^ (x)7r_ (y) £; ® £at_i 0e T ) , 
Trjy (7r'_(x)7f_(y)) := ^ (e; O e^+i ® £| , vr^ (x)vf _ (y) e x ® e N+ i ® . 



z=o 



Actually, a computation on monomials of .A shows that Trjy (7r'_(x)7r_(y)) = Trjy (tt'_ (x)tt _ (y)) . 
For convenience, we shall note Tr^ (7r / _(x)7f_(y)) this functional. 

Lemma 4.7. Lei x,y G A Then, 

(i) 7"o(7r^(x)7f±(y)) := liniAr^oo Un exists where 

U N := Ti N (Tr'±(x)TT±(y)) - (N + l)n (tt±{x)) n (vr±(y)) . 

(ii; ?7jv = r «(x)?f ± (y)) + 0{N~ k ) for all k > 0. 

Proof, (i) We can suppose that x and y are monomials, since the result will follow by linearity. 
We will give a proof for the case of the ir + representations, the case 7r_ being similar, with minor 
changes. 

We have vf+(y) = (7r + ag 1 )' /31 (7? + &) /32 (it + b*)P' A . A computation gives 

and with the notation := (e m <8> £2j , 7i4(x)7r±(y) e rn ® e 2 j) and T 2j := X)m=o we § et 

f„. - C_n/32+/3 3 (2j-m)(/3 2 +ft) „ T «i „(m+/3 2 -fe)(a2+a 3 ) x _ fln 

l2j,m - { 1J ? g 2 j-m,|/3i|9 m -/33+/3 2 ,|ai| « Oai+/3 2 -/3 3 ,0 

X (5_ a3+a2+ ^ l5 o 

= ? M(A + AHMi)(^) ^ im>|/3i| ^ ai |ai| 5 ai+A _ A>0 5 oa _ as+/Jll o 

— • 7a,/3 </ r 2j,m ~ • Ja,/3 </ r 2j,2j-m 



where 



/.' — m(K-A) 1>i T«i /o 7 \ 

r 2j,m •- « y2j-m,|/3i| *m-ai,|ai| ' ^ ' ' 

j." ._ _m(A— k) ,J<n fool 

r 2j,m •- « 9 m,|/3i| «2j-m-ai,|ai| ' 
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with A := 02 + 03 > and k := a 2 + 03 > 0. We will now prove that if A 7^ k, then (T2j) 



is a convergent sequence. Suppose k > A. Let us note £/L := Em=o 4? m- Since the t'r 



arc 



positive and t^-fi m — *2j m f° r an i> m > ^2j ^ s an increasing real sequence. The estimate 

U' 2i < J2 J*-*) < ^ < 00 

m=0 

proves then that UL is a convergent sequence. With T2j = f a ^ q 2 ^ x U^j, we obtain our result. 
Suppose now that A > k. Let us note U^j := Ylm=o^2j m- Since the t'^j m are positive and 
^27+1 m — *2j m f° r au m i ^2j * s an increasing real sequence. The estimate 



m=0 

proves then that is a convergent sequence. With T 2 j = fa^Q^^U^, we have again our 
result. Moreover, note that if A and k are both different from zero, the limit of (T27) is zero and 
more precisely, 

T 2j = 0{q 2jX ) if k > A > 0, (39) 
T 2j = 0{q 2jK ) if A > K > 0. (40) 

Suppose now that A = k / 0. In that case, (T27) also converges rapidly to zero. Indeed, let us fix 
q < s < 1. we have e- 2jX T 2j = Em=o c ™ d 2j- m = c*d(2j) where c m := / Qj/3 (q/e) Xm q^i aii \ a ^ 
and d m := (q/s) Xm q m ig.. Since both ^ m c m and ^2 m d m are absolutely convergent series, their 
Cauchy product X^2j e ~ 2jA 22j is convergent. In particular, lim^oo e -2 ^ = 0, and 

T 2j = 0(e 2 ^). (41) 

Finally, T2j has a finite limit in all cases except possibly when A = k = 0, which is the case 
when qi = a2 = 03 = 0i = 02 = 03 = 0. In that case, t 2 j,m = 1- 

A straightforward computation gives ti(tt±(x)) T 1 (-K±(y)) = ^,0^1,0^2,0^2,0^3,0^3,0- 
Thus, 

U2j = T 2 j — (2j + l)5 au o 5/3 1; o ^2,0 ^/3 2 ,0 ^a 3 ,0 5/3 3 ,0 

has always a finite limit when j — > 00. 

(ii) The result is clear if A = k = (in that case Un = To = 0). Suppose A or /t is not zero. 
In that case f7 2 j = T 2j . By (00]), ((39]) and flU]), we see that ifA>K>0or«;>A>0or 
k = A, (?2j) converges to with a rate in 0(e 2 ^ a ) where a > and q < e < 1. Thus, it only 
remains to check the cases (k > 0, A = 0) and (k = 0, A > 0). In the first one, we get from (I37p . 

U 2j = f a ,/3 Em=o 9 mK ^i m ^ ir If 01 = 0, we are done. 

T 

Suppose fa > 0. We have <?2i-m,|A] = ^ ? r " g 2|p|l(2j '~ m) where p = (pi, • • • ,p A ) and 

= (— l)l p l x (2), r p := 2pi + ••• + 20ipp x . Thus, cutting the sum in two, we get, noting 



^2j — Ja,/3 2^r 



/m=0 



2j 

E 

|p|l>«/2 0^|p|i<k/2 m=0 
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Since X^|p|i<«/2 1 p c f v <? 4 ' P ' 1J J2m=o 1 m ^ K 2 ' p '^ is in Oj^ 00 (jg 4j ), we have, modulo a rapidly 
decreasing sequence, 

tt t r V "> , r „ 4|plli_ (2i+l)K-2|p| 1 2 K i T , 

U 2j -L 2j ~f a> p ^ 14^2^ == faM Jy V 

Hi>k/2 

with 

|p|i>re/2 |p|i>k/2 m=0 

The family u miP := (Z p q rp q {2lpll ~ K)m ) M el, where / = { (p, m) G N ft x N : > k/2} 

is (absolutely) summable. Indeed |u m ,p| < |^p|</ rp <? m so l u m,p| is summable as the product of 
two summable families. As a consequence, lim^oo V 2 j exists and is finite, which proves that 
(q 2K ^V 2 j), and thus (U 2 j — L 2 j) converge rapidly to 0. 

Suppose now that ft < 0. In that case, q\^_ m ^\ = ^iy-m,]/?!! = <l 2 j-(m+\Pi\),\Pi\ and by ®' 

we get U 2j = f a , P E%= r%_ {m+lMllM = L,,q- lMK E^Q™^-^ so the same 
arguments as in case ft > apply here, the summation on m simply shifted of |ft|. 
The same proof can be applied for the other case (k = 0, A > 0). This time, we only need to use 
(f38|) instead of ([37|) and the preceding arguments follow by replacing k by A and ft by a\. □ 

Remark 4.8. Contrary to the preceding tq, the new functional contains the shift information. 
In particular, it filters the parts of nonzero degree. 

If T G XX, p{T) G ir + (A)9 + (A) TT-{A)^-{A). 

For notational convenience, we define t\ on ir'±(A)it±(A) as 

Ti(ir' ± (x)TT ± (y)) := ri(vr ± (x)) Ti(vr ± (y)). 

In the following, the symbol ~ e means equals modulo a entire function. 

Theorem 4.9. Let T G XX. Then 

(i) (Us) ~e 2(n n) (p(T)) C(s - 2) + 2(r n + n r ) (p(T)) C(a - 1) 

+ 2(ro®To-iri®T 1 )(p(r))C(s), 

(it) jT\V\- 3 = 2( n ®T 1 )(p(T)), 

(Hi) j T\V\~ 2 = 2(r ri +n r ) (p(T)), 

(»«) TIP]- 1 = 2(r r - ±n ri) (p(T)). 

Proof, (i) Since T G XX, p(T) is a linear combination of terms like ir' + (x)ir + (y) 7r'_(z)7?_(t), 
where x, y,z,t G .A. Such a term is noted in the following T + XL. Linear combination of these 
term is implicit. With the shortcut T Cu ... )C := (e Cl • • • e Cp ,Te Cl • • • e Cp ), recalling that 
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v mi ls ^ wnen J = 0, or / > 2j, we get 

oo 2j 2j+l 

c5W = E£E( (I'O - (1-0) # + ((^) > «?w C&) > *r 

2j=0m=0 «=0 
oo 2j 2; • I oo 2j 2j-l 

= E E E P( T )m,2j,l,2j^ d j+ + EEE p(T)m,2j,l,2U d T 
2j=0 m=0 Z=0 2j=l m=0 (=0 

oo 

= (Tr 2 ,(T+) TV|. +1 (T_) + Tr 2j+1 (r + ) T^(r_)) <T + S . 

2j=0 

By Lemma 14.71 (iz), for all k > 0, 

Tr 2i (T ± ) = (2j + |)ri(T ± ) + r (T±) - I n (T ± ) + 0{(2j)- k ), 

Tr 2i+ i(T ± ) = (2j + |)ti(T±) + r (T±) + ± n (T ± ) + 0{(2j)~ k ) . 

The result follows by noting that the difference of the Hurwitz zeta function ((s, |) and Riemann 
zeta function £(s) is an entire function. 

(ii,iii,iv) are direct consequences of (i). □ 
4.5 The smooth algebra C°°(S77 3 (2)) 

In [13,38], the smooth algebra C°°{SU q {2) is defined by pulling back the smooth structure 
C°°(D 2 ± ) into the C*-algebra generated by A, through the morphism p and the application A 
(the compression which gives an operator on TC from an operator on Z 2 (N) ® Z 2 (N) (g> l 2 (Z,) ® C 2 ). 
The important point is that with [13, Lemma 2, p. 69], this algebra is stable by holomorphic 
calculus. By defining p := po c and A(-) := S(-)I, the same lemma (with same notation) can be 
applied to our setting, with c := ir(x) t— > tt.( x ) and 

C := C°°(D 2 + ) ® C 00 ^ 1 ) ® C°°(D 2 + ) ® C 00 ^ 1 ) ® M 2 (C) 

as algebra stable by holomorphic calculus containing the image of p. Here, we use Schwartz 
sequences to define the smooth structures. We finally obtain C°°(SU q (2)) with real structure as 
a subalgebra stable by holomorphic calculus of the C*-algebra generated by it (A) U Jtt(A)J~ 1 
and containing it {A) U J it (A) J -1 . 

Corollary 4.10. The dimension spectrum of the real spectral triple (C°°{SU q {2)), TC, -D) is 
simple and given by {1,2,3}. Its KO-dimension is 3. 

Proof. Since F commutes with tt(A), the pseudo differential operators of order (without the 
real structure and in the sense of [22]) are exactly (modulo OP~°°) the operators in B + BF. 
From Theorem 13.41 we see that the dimension spectrum of SU q {2) without taking into account 
the reality operator J is { 1,2,3}, in other words, the possible poles of : s i— > Tr(bF e \T>\~ s ) 
(with e £ {0,1}, b £ B) are in {1,2,3}. Theorem 14.91 (i) shows that the possible poles are 
still {1,2,3} when we take into account the real structure of SU q (2), that is to say, when B 
is enlarged to BJBJ^ 1 . Indeed, any element of BJBJ~ l is in XX and it is clear from the 
preceding proof that adding F in the previous zeta function do not add any pole to { 1, 2, 3}. 
All arguments goes true from the polynomial algebra A(SU q (2)) to the smooth pre-C*-algebra 
C°°(SU q (2)). 

KO-dimension refers just to J 2 = — 1 and T> J = J T> since there is no chirality because spectral 
dimension is 3. □ 
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4.6 Noncommutative integrals with reality operator and one-forms on SU q (2) 
The goal of this section is to obtain the following suppression of J: 
Theorem 4.11. Let A and B be 5-one-forms. Then 



(i) jAJBJ^Vl' 3 = ljA\V\~ 3 jB\V\- 3 , 

(ii) j AJBJ-^V]- 2 = \j A\V\- 2 j B\V\s + ^A\V\- 3 jB\V\- 2 , 
(Hi) j A 2 JB,r 1 \V\- ? > = \jA 2 \V\-*jB\V\-z, 

(iv) j 5(A)A\V\- 3 = j 5(A)JAJ- 1 \V\- 3 = 0. 

We gather at the beginning of this section the main notations for technical lemmas which will 
follow. 

For any pair (k,p) G N 3 x N 3 such that h < |aj|, pi < |/3j|, where a, (3 G Z x N x N, we define 

«*, == *(p) ft 1 V- © © ('£ V* ® (5) ^, 

/ifc, P := ai + a 2 - «3 - 2(r/ ai fci + fc 2 - fo) + g(p) , 
g{p) := P1 + P2-P3- 2(Vf3iPi + P2 - P3) , 



Cfc,p 

a k, P 
a k,p 



= h+Pi + crip + °"L, . 



^1&2 - fe 3 (/ci + fc 2 ) + +P2(|fe|l -P3(|fe|l +Pl +P2) , 

(fa + - P2 + P3)(^l + k 2 + fc 3 ) - fc 2 (fci + fc 2 ) + (pi + P2)(-f>2 + P3) + P3P3 , 

tfcj, = < a^ 2 a^ 3 a| a 02 a* ?3 b^ 1+ ^ , 
u Kp = a\\ a* k2 a* 3 ag a* P2 a P3 . 
where we used the notation 

ki := \ai\ - hi, Pi := |A| ~ Pi, 

so < fcj < |aj|, < pi < \Pi\. We will also use the shortcut k := (k±, k 2 , fa). 
For Pi G Z and j G N, we define 



00 



n=0 

11$ := 2ft qPi&s+fk-th) Wl (f3 ua3 + ^3). 
We introduce the following notations: 

+ . = n(|fe|i+Hi) T «i „T J. ^ „T J. 

yfc >P> n ' H ^n+r+p-^kiM n-k3+r) 01 Pi+P2-P3M H n+r)f 3l p 1 +p 2 -Pzte H n+p2~P3,pi H n-p 3 ,p 2 Ki n,p- i 

- ._ „n(|fc|l+|p|l) Taj I T ^ Tft I t 

y fc,p,n • * n+r^" -»/ ai *;i,fci n+fc3+f;/3 1 Pi-P2+P3,fc2 y n+^ 1 pi-p2+P3,A:3 4 n-P2+P3,Pl yn +P3:P2 L 'n,P3 

r fe^p := ^ai &i + fa - fa + rjfcpi +p 2 ~P3, 
r k, P := fa-k 2 + fa + rjfapi -p 2 + p 3 . 
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Thus, n+(t kiP )e n = qt tP>n £ n+r + p and ^_(u fc)P )e„ = q k ^ n e n+r - p . 
Lemma 4.12. We have 

r ((M|)°) =^2S hhpfi v ktP TT + (t ktP ) ® ir-(u kiP ) 

k,p 

where the summation is done on ki,pi in N such that k{ < |aj|,j»j < /or i £ {1,2,3}. 
Proof. Since 7r(m«) = (a+ + a_)^(6 + + b-)<**(b* + + b*^ , with Wfe := ft* 1 )^ £) (° 3 3 ), 

2r( m «) = Cfc where c k := a^J"* 1 a* ai b a + 2 ~ k2 b k 2 b\ a ^ b*_ k * . 

By Lemma l3~2l (m) we see that 5(n(m^)) = J2 p w p d p where we introduce 

w P ■= CSV* © O and ** ■= aw b "r P2 bP - k Ps ~ ps b^. 

As a consequence, (Mg)° = ^2k,p S h(k,p),o 9(p) v k w p c k , p where 

Ck v = al\ ai a k _\ ai b %2 b k J b\ ki b*_ k3 b™ b p _ 2 b*/ A b*J 3 (42) 

With g2]), we get r(c k>p ) = (-l) fc i+Pi+«2+a 3 +/3 2 +/33 q ki+ P i n+ (t' kjJ ) n-(u' kp ) where 

t' k p = a l\ b kl a %2 b k2 a* k:i o fc3 ag If 1 a? 2 V> 2 a* ?3 W s , 
u' k p = al\ bkl b%2 a * k2 ^ 3 « fc3 a % ^ ^ a * P2 ^ aPA ■ 

A recursive use of relation baj = q^ajb yields the result. □ 

Lemma 4.13. We have 

(i) (Ti®ri)(r(M^)°) = 0t Sa^-fa ^2,0^3,0 <W<W ■ 

(ii) (t x ®t q + tq® n)(r(M^)°) = 5 ai - Pl 5 a2+ p 2:Ct3+ {3 3 wfi. 
In particular, if A is a 5 -one- form, we have 

-fA\V\-* = 2(3 1 A^%, 

jA\V\- 2 = 2w<$B{At. 

where we implicitly summed on all a, (3 indices. 

Proof, (i) Using same notations of Lemma 14.121 we obtain by definition of t\, 

Tl{7r+(t k; p)) = 5 k fi5 p fi 5 ai+a2 - a3+l 3 1+ [3 2 -p 3 fl , (43) 

We get n (ir + (t k)P )) n (n-(u k>p )) = S k>0 5 pfl 5 a2fi 5 a3fi 5p 2fi S/3 3t0 5^-^, so Lemma EG] gives the 
result. 
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(m) Since ir+(t k:P )e n = qt vn e n+r + and ir-(u kjP )s n = q kpn e n+r - , we get, 

>^> k,p >^> k,p 

OO 

To(7r+(ifc,p)) = 5 + 22 (qt - S k>0 S Pj0 S ai+a2 ^ a3+ j3 1+ p 2 ^i3 3j0 ) , (45) 

n=0 

oo 

r (7r_(u fc> p)) = S r - ^ - <5^ £ P)0 <5 ai _ a2+a3+( g 1 _ / 3 2+/ 33, ) • (46) 

With (03]) and (g6|) we get 

oo 

7"l(7T+(*fc,p)) To(ir-(u k , p )) = S k>0 6 p> o S a2+ p 2>a3+ p 3 ^2 (^.O^O^p^ - ^a 3 +/3 3 ,o) 

n=0 

Using (HI) and (l4"5l). 



n=0 

= <V,0 ^Q 2 +/32,Q3+A ^ai,-/3i^l(^l) a 3 + /%)• 

Lemma 14.121 yields the result. □ 

With notations of Lemma 14.121 it is direct to check that for given a = (a, a' , ■ ■ ■ , aS n ~ - 1 )) and 
(5= (/?, /?',••• ,/?("- 1 )), 

r((M|)°) <5ft jriP ,o«jf,p7r + (tjf iP )®ir_(u J r,p) (47) 

K,P 

where if = (/c, k', ■ ■ ■ k^'^), P = (p,p', • • • ,^ n " 1 )) with < k\ j) < \a\ j) \, < pf ] < 
t_ff,p := t kiP t k i tP > ■ ■ • t fc („-i) jP („-i) , Uj^p := u kyP u k / )P i ■ ■ • u fc („-i) p („-i) , 

^if,P := V k>p V k t y p/ ■ ■ ■ V k (n-l) )p (n-l) , hx,P ■= h kj p + h k > )P > H fc- fc (n-l) )P («-l) • 

In the following, we will use the shortcuts j4j : = aj + oi i + • • • + cq , -Bj : = A + + • • • + /3 t - X ^ . 
In the case n = 2, we also note r| p := rj p + r± p , and := ^ jP> ^ ± 



Thus, we have 7r + (tjjr >P )e m = ^p,m £ m+r+ P and M^p)^ = fe,P,„e m +r A . p - 
We also introduce, still for n = 2, 

V Pi,a' 1 ,/3' 1 [ l ,J) : = 2^ W W/3i+Q/ 1 +/3i,|^+a' 1 + / 8i| 9 ri+^+a' 1> |^i] 9 ri+^,]a , 1 | 9 ri,|^| ~ d ^°) ' 
n=0 

:= 2[A# + - - $)] q m( a 2+a 3 )+2P{(a' 2+ a' 3 ) 

X ^ ll a' 1 ,/3i((«2 + A + «3 + /%)K + /Si), ^3 + B 3 ). 

Lemma 4.14. We have 

(*) (n ® n) (r(M^M«,')°) = 5 Al _ Bl ^ 2j0 <5a 3 ,o <5b 2 ,o5p3,o. 
(m) (ti (8 r + r ® n) (r(M^M«')°) = ^^.As+Bs^l-B!^ . 
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(m) (n ® n) {r{MfM$M#f) = <5ai,-5i <U 2 ,o ^ 3 ,o fe 2 ,ofe 3 ,o- 

(tu) (n n) (r(5(MpM$)°) = -(a[ + 5 Al _ Bl <5a 2 ,o ^ 3 ,o <W<W 

(u) In particular, if A is a 5-one-form, 

jA 2 \V\~ 3 = 2(3 1 p[ B a (A 2 )i, 

Ja 2 \V\- 2 = Wf B{A 2 )l, 

j A 3 \V\~ 3 = 2A##' B a (A 3 )i, 

j5(A)A\V\- 3 = j A5(A)\V\- 3 = 0. 

Proof. We have 

Tl(lT+(tK,p)) = f>K,0 5p,0 ^A 1 +A2~A 3 +B 1 +B2-B 3 fi , (48) 
Tx(ir-{u K ,p)) = $k i0 S P,0 S A 1 -A 2 +A 3 +Bi-B 2 +B 3 ,0 • (49) 

and 

oo 

T (TT + (t Kt p)) = 5 r + pj0 E {l~K,P,n ~ S K,o5p,odA 1 +A2-A 3 +B 1 +B 2 -B 3 ,o) > (50) 
n=0 

oo 

T (tT-(u K ,p)) = K Kp ,0^2 ( q K,P,n ~ 5 K,0 6 Pfl 5A i- A 2+A^B 1 -B 2 +B s ,fl) ■ (51) 

n=0 

(i) Equations (J3HJ) and dM]) give (ri <g) ri) r(l|')° = ^1,-51^2,0^3,0^52,0^3,0^0,0- A compu- 
tation of t>o,o with (5^,-Si <5a 2 ,o ^4 3 ,o ^5 2 ,o ^63,0 = 1 gives the result. 

(ii) Equations (HE]) and flM]) yield 

Ti(vr + (^ 5 p)) ro(7r_(nx,p)) = <5#,o ^6,0 <5a 2 +6 2 ,.4 3 +63 <5Ai,-6i 

x Vf3 ua!iA {{a 2 + /3 2 + a 3 + #,)(<*£ + /?!), A 3 + B 3 ). 

Equations and (09]) yield 

ro(vr + (tx,p))n(vr_(-u^,p)) = <^ Sp fi Sa 2 +b 2 ,A 3 +b 3 <5ai,-6i 

x ^ 1 ,«' 1 , / 3l((a2 + fa + «3 + /3 3 )(ai + /3i)>^3 + B 3 ) 

and the result follows. 

(Hi) With ((171) a direct computation gives 

T i( 7r +(*A',P)) = £fir,0 ^P,0 5Ai+A2-A3+6i+52-6 3 ,0 j (52) 
ri(7T_(uii- ) p)) = S^ Sp 5 Al -A 2 +A 3 +B 1 -B 2 +B 3 ,0 . (53) 

Using ([12]) and {53} , (n ® n) (r(4ii")°) = 6 Alt - Bl Sa 2 ,oS As ,0 ^5 2 ,o ^63,0 vofi. A computation 
of t; ,o with 5ai,-5i Sa 2 ,o8a 3 ,o5b 2 ,o8b 3 ,o = 1 gives the result. 

(iv) We have S(Mg)Mg, = 5(x)5(y)x' 5(y') + x5 2 (y)x'S(y') where x,x',y,y' are monomials (n 
omitted). Since 

= E a)<ai«-V^ 6 - ^ 3& -" 3 = : E (SK 
fe k 
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we get <5(vr(x)) = c k . 

Similarly, 5(vr(y)) = E p <Kp)© C P and ^OlGO) = E P sCp) 2 ® c p . 
Thus, with ck,p ■= c k c p cy ty, 



5{x)8(y)x'5{y>) = £ g(k) g(p) g{ P '){ a K ) (?) c*,p , 
^(yJsW) = £<?(P)W) (£)(?) 

r{8[M$)M$? = Y, 5 h K , P M k )+9ip)) 9(p)g(p') (£)(?) r(c*, P ) =: ^ Ak,p r(c*,p) • 

lf,P if,P 
Since r(cfc) = (— (— l) a2+Q3 7r + (tfc) (g> 7r_(ufc) with ifc,Ufc defined by 

t fc : = a % a \ b kl a k ' 2 b k2 a* %3 b ki and u k := a k a \ b kl b k2 a* k2 b ki a ks , 

we get 

r(5(M$)M$)° = ^ X K ,p{-q) kl+K+Pl+P H-^ A2+M+B2+B3 ^+(tK,p) ® tt_(«a-,p) 
K",P 

where ij^p = t^tptytw and it^p = u k u v u k iu v i . Direct computations yield 

7 "l( 7I "+(*-K',P)) = ^,0^,0^1+^2-^3+51+52-^3,0) 

n(7T-(uxp)) = <5^ )0 5p )0 <5Ai-Aa+A3+-Bi-Ba+B3 ) 0- 

The result follows. 

(v) For the last equality, note that by (if) 

1 5(A)A\V\-* = -2 ]T («i + <°o°oo ^f °o 'Wi+A+^o- 

The following change of variables ai a'i, Pi (3[, implies by symmetry that this is equal to 
zero. □ 

For a given 5-1-form A, we say that A is homogeneous of degree in a equal to n G Z if it is a 
linear combination of M% such that a\+ (3\ = n. From Lemma 14.141 (iv) we get, 

Corollary 4.15. Let A, A' be two 8-1- forms, then 
j{A\V\- l f = j A 2 \V\- 2 , 

+ A\V\~ x A'\V\~ l = j- AA'\V\~ 2 - nj- AA'\T>\~ 3 , when A' homogenous of degree n. 



Lemma 4.16. We have 

(i) (TltglTxjpfafiJM^J- 1 ) =PxP'l ^1,-/31^-^^2,0^3,0^2,0^3,0- 

(U) {t ® Ti + n <g) T ) p[MpJMp, J~ X ) = S^-Pi (^l^^a 2 +/3 2 +a 3 +/3^0 $a 2 +f3 2 ,a 3 +t3 3 

+P 1 W^,8 a2+ /3 2+a3+ p 3>0 5 a > 2 + p 2ja ' 3+ p' 3 ) ■ 
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(Hi) (n ® n) piM^M^JM^J- 1 ) = d ai+< _ Pl _ p[ S^.pn 6a 2 ,o Sa 3 ,o Sb 2 , 5b 3 ,o ■ 

(iv) p{5{M«)JM*',J- 1 ) =-(a' 1 + (3' 1 )(3i/3[ 6 ai -ft ^ ^ a ,o <W $b 3 ,o$b 3 ,o • 

(f) In particular, if A and A' are 5-one forms, 

-fAJA'j-i\V\- 3 = 2(f3 1 A% )(p 1 A'^%), 

^ ylJA'J- 1 ^!- 2 = 2(ft/i)KB(Af ft ) + 2(/3 1 ^°° oo )(^S(A0g), 
-fA*JA'J-i\V\- 3 = 2(p l A^f im ){MBM 2 )l), 
js{A)JAJ- 1 = 0. 
Proof, (i) Following notations of Lemma 14.121 we have 

K,P 

where K = (k,k'), P = (p,p'), Xr,p = g(p)g(p')v k v k >w p w p > . Thus, 

p{MpMp~ l ) = (-1)A2+A 3 +B 2 +B 3 J2(-q) kl+k[+pl+p i\K,pT+ P ® T^ p 

K,P 

where T^ p := Tr' + (t k t p )7r + (t k it p i) and T Rp := 7r'_(u k u p )w-(u k 'U p >) with 

t k ■=al\b* k a 1 1 a i:2 b* k2 a* k3 b k3 , 
Uk :=al\b* k a \b %2 a* k2 b* k:i a ks . 

A direct computation leads to 

T l( T K,p) = dKfiSpfi S ai +a 2 -a 3 +l3 1 +P2-03,O ^a' 1 +a 2 -a' 3 +/3' 1 +/3' 2 -/3 3 ,0 j 
T l( T K,p) = ^Kfl^Pfl fiai-a2+a 3 +Pi-/3 2 +l33,o5ot{-a 2 +a 3 +l3[-i3 2 +l3 3 ,0 
which gives the result. 

(ii) Using the commutation relations on A, we see that there are real functions of (K, P), noted 
o l K p and p such that 

T K,P = <f K,P 7r +( t k,p)^+(t k ',p'), 
T K,P = ( f K ' P -x'_(u kiP )TT_(u k > jP >), 

t k , P ■= al\ a 1 * a* kz a% a ?2 a*? 3 b* k \ b* p \ b* k2+ P 2 b k * +p \ 
u k , p := a k a \ a* k2 a ks a p \ a* P2 a p3 b* k \ b* p \ b k2 +P 2 b* k3+?3 . 
We have, under the hypothesis T\{T R p ) = 1, 

TT + [t k f !p >)e mj2 j - (-1) q yj q 2 j-m-s+0' v \a' 1 \ %- m -s,\p>A £ m+s,2j , 

s ■= - a ' 2 + a 3 - 2 + f3 3 = a[ + (3[ , 
A' := a 2 + a ' 3 + P 2 + 3 , 
A := a 2 + a 3 + (3 2 + (3 3 
t i( t k p) = <^,o <5a',o • 
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and then, 

p> _ M M 

^2j-m • «2i-m-ai,[ai| ?2j-m-ai-^,|^| ' 
m ■ ^m— aijail^m— /9i— ai,|/3i| 

Following the proof of Lemma [4.7l we see that tq(T^ p ) is possibly nonzero only in the two cases 
A' = 0orA = 0. 

Suppose first A = A' = 0. In that case, we have 

T ^ = £ ((^ai^wi) 2 -*) = £ ((i fl ki) 2 - 1) + £ «vk,) 2 - x ) 

m=0 m=0 m=0 

where the second equality comes from Lemma 14.171 
In the case (A = 0, A' > 0), we get a[ = —(3[ and thus, 

Let us note U 2j = £^0 Q mX t^J 2 f- m ,\p>/ ^ ^ = E^=o Q mX (g^ ft| ) a . 

T 

Suppose # > 0. Since (</ 2 Ji^) 2 - 1 = E| P | 1 #o, PiG {o,i } (-l) |j V p g 2 ^""^! 1 where we have 
r p = 2 + • • • + 2/3[. As in the proof of Lemma 14.71 (ii). we can conclude that U 2 j — L 2 j converges 
to 0. The case /3[ < is similar. 

In the other case (A > 0, A' = 0), the arguments are the same, replacing A by A' and ai, Pi by 
a[, (3[. Finally, 

T o( T K,p) T l( T K,p) = S K,0 S P,0 S ai,-Pi tia , 1) -p' 1 (fa',O S a2+lh,<X3+03 s »,f3 + ^A,0 ?>a' 2 +l3' 2 ,a' 3 +/3' 3 Sa',/3'), 
00 

s a p ■■= ^ l(Q3 - a2) £ (i'W 2 " M • 

m=0 

A similar computation of tq(T^ p ) can be done following the same arguments. We find eventually 

T l( T K,p) T o( T K,p) = 8K,of>P,o8ai,-pi tia' 1 ,-P / 1 (fi\',ofia 2 +P>i,a3+p3 s a,P + $a! l +0! l ,a' 3 +P 3 s a',P') 

and the result follows. 

(Hi) The same arguments of (i) apply here with minor changes. 

(iv) follows from a slight modification of the proof of Lemma 14.141 (iv). 

(v) is a straightforward consequence of (i,ii,iii,iv). □ 
Lemma 4.17. Let /3,(3' G Z. Then, 

2j 00 00 

2 ]™ £ ((ii^i) 2 - !) = £ ((i^i) 2 - !) + E «iVi) 2 - x )- 

m=0 m=0 m=0 
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Proof. We give a proof for (3 and (3 1 > 0, the other cases being similar. 

Since (ql^) 2 = E P , e{ o,i}(- 1 ) lj VV |p|im where P = (Pi, " " " ,Pp) and »P : = 2 (Pl + ' ' -+PPfi), 
we get, with the notations A p y := (-1)Ip+p'Ii^+V and U 2j := (i%]<?2i-m,|/3'|) 2 " 

^i = E E A py(7 2 l p l^+ 2 b'li( 2 i— ) 

m=0 |p+p'|x>0 

= X/ -Vp'^2j,p,p' + ^ \,P'^2j,p,p' 

|p|l>lP'|l,b|l>0 Ip|i<Ip'|i,Ip'|i>0 

where 

2j 2j 
7„. , - \p 2(|p|i-|p'|i)m y/ _ 4i[p[i „2(|p'|i-|p|i)m 

m=0 m=0 

It is clear that V2j tPtP > has for limit when j — ► oo when > 0, and V^jpp' nas ^ f° r li m it 
when j — > oo when |p|i > 0. As a consequence, 

U2j = ^2 Vo^2i,p,o+ ^ Vp'^j.oy + 

|p|i>0 |p'|i>0 

The result follows as 

Em=o |/3|) 2 - !) = E|p|!>o A p,o^2j,p,o and £^ =0 ((i^,,) 2 - 1) = E|p'| 1>0 Vp'^j.oy D 
Proof of Theorem \4-ll . The result follows from Lemmas 14.131 I4"7l4l (v) and 14.161 (i?). □ 

4.7 Proof of Theorem 14.31 and corollaries 

Lemma 4.18. We have on SU q (2), 

(i) j\V\-* = 2. 

(ii) f\v\-* = o. 

(Hi) f\D\~ 1 = -h- 
(iv) Cv(0) = 0. 

Proof, (iv) We have by definition 

oo 2j 2j+l 

Us) :=Tr(\vn = E E E \ v r<,i)- 

2j=0m=0 1=0 

Since \T>\~ s v J mil = ( J + rf _ s ) where dj := 2j + ±, we get 

oo oo oo 

( v (s) = X: (2j + l)(2j + 2) d7 + ' + E (2i + l)(2j) c*7 s = 2£ (2j + l)(2j) dj*. 

2j=0 2j=l 2j=0 

With the equalities (2j + l)(2j) = d 2 - ± and C(s, \) = (2 s - l)C(s) (here ((s, x) := £ neN JT^W 
is the Hurwitz zeta function and := £(s, 1) is the Riemann zeta function) we get 

Cv(s) = 2(2 S - 2 - l)C(s - 2) - |(2 S - l)C(s) (54) 

which entails that Ce>(0) = 0. 

(i,ii,iii) are direct consequences of equation (|54"1) . □ 
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Proof of Theorem \4-3\ It is a consequence of Lemma 14.181 and Theorems 14.1} 14.111 □ 

As we have seen, the computation of noncommutative integral on SU q {2) leads to certain function 
of A which filter some symmetry on the degree in a, a*, b, b* of the canonical decomposition. 
Precisely, it is the balanced features that appear and the following functions of A n , n £ {1,2,3}: 



A n \V\- p (55) 



where 1 < n < p < 3. We will see in the next section a method for the computation of these 
integrals. 

Corollary 4.19. Let u be a unitary in C°° (SU q (2)) and 7«(A) := 7r(u)A7r(u*) + 7r(u)d,7r(u*) be 
a gauge-variant of A. Then the following term of Theorem\4-<'3\ are gauge invariant 



j A\V\~ Z , j A 2 \V\~ 3 - j A\V\~ 2 , -2jA\V\- 1 + ~lA 2 \V\- 2 -l-lA 3 \V\- 3 . 

Proof. It is sufficient to remark that all terms f\D A \~ k and Cv A (0) in spectral action ([5]) are 
gauge invariant. This can also be seen via the computation £> 7tt (A) = V U T>V* + V u PqV* where 
Pq is the projection on KerP and V u = tt(u) Jir(u) J -1 and j |Z?A| n ~ fc = Res s=ra _fc Tr {\D&\ n ~ k ) 
(see [22, Prop. 5.1 (iii) and Prop. 4.8].) □ 

Corollary 4.20. In the case of the spectral action without the reality operator (i.e. = V+A), 
we get 

j\D A \- 3 = 2, j \ Da \- 2 = -2 j A\V\~ 3 , j^^- 1 = -\-j A\V\- 2 +j A 2 \V\- 3 , 
Cd a (0) = -jA\V\~ l + ljA 2 \V\~ 2 - ljA 3 \V\~ 3 . 

As a consequence, if A is a one-form such that f A\T>\~ 3 = 0, then the scale invariant term of 
the spectral action with or without J is exactly the same modulo a global factor of 2. 



5 Differential calculus on SU q (2) and applications 

5.1 The sign of V 

There are multiple differential calculi on SU q (2), see [33,39]. Thanks to [36, Theorem 3], the 3D 
and 4D± differential calculi do not coincide with the one considers here: the right multiplication 
of one-forms by an element in the algebra A is a consequence of the chosen Dirac operator which 
was introduced according to some equivariance properties with respect to the duality between 
the two Hopf algebras SU q (2) and U q {su{2)). 

It is known that the Fredholm module associated to (A, 7i, T>) is one-summable since [F,tt(x)] 
is trace-class for all x £ A. In fact, more can be said about Fq 

Proposition 5.1. Since 

F = T=F {K{a*) dn{a) + q 2 71(b) dn{b*) + q 2 ilia) dn{a*) + q 2 TT_(b*) dn{b)) , (56) 

F is a central one-form modulo OP~°°. 

1 Note that a similar result for a different spectral triple over SU q (2) when q = was obtained in [13, eq. (48)] 
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Proof. Forgetting tt, this follows from 

a* 5a + q 2 b5b* + q 2 a5a* + q 2 b* 5b 

= « + a*_){a + - a-) + q 2 (b + + 6_)(6* - b%) + q 2 (a+ + a_)(al - a%) 

+ q 2 (6; + 6*)(6+-6_) 
= [a + a+ - g 2 a +a ; + q 2 b\b + - q 2 b + b* + ] + R = (1 - q 2 ) + i? (57) 

by (|16p where we check that the remainder R is zero: 

R = - [a* + a- + q 2 6 + 6_] + [a*_a + + g 2 616+] - [a*_a_ - q 2 a_al + q 2 616_ - g 2 b-b*_] 
+ (g 2 a+al + q 2 q*_b + ) - (a + a_ + q 2 6 + 6_), 

thus, applying CE|), QBft, fl2D, R = +(q 2 a + a*_ + q 2 q*_b + ) - (a + a_ + q 2 6^6_) = using com- 
mutation relations (|15|) . 

Now, replacing <5 by d in ([571) gives (i56j) since F commute with a±, b± and F is central by 

□ 



Proposition 5.2. XTie one-form in (|56j) is in /act exactly a function of the Dirac operator D: 
vr(a*) dvr(a) + g 2 tt(6) aV(6*) + q 2 vr(a) dvr(a*) + q 2 Tr(b*) dit{b) = £ q {V) = F£ q (\V\), (58) 

w/iere £ ? (s) := g ^jgiH^ , 
Moreover, F = lim^o €q(D) ■ 

Proof. First, let us observe that the one- form u in (|58jl is invariant under the action of the 
U q {su{2)) x U q (su(2)): h>ui = e(h)u; for any /i 6 U q (su{2)) x U g (su(2)). For instance, using 
notations of [21] 

e > uj = q\ a *db + q 2 f-q^bda* + q~^bda* - q' l ^a*db^ = = e(e) w. 

Therefore, since both the representation tt as well as the operator D are equivariant, the image 
of u must be diagonal in the spinorial base. A tedious computation with the full spinorial 
representation tt given in (jlU|) yields 

/,JT , ,,JT V _ ^+ 8 -g^+ 6 -(4j+3) ^+6 + ( 8 j+6) g^+ 4 -(4j+3) g^+ 2 -g 2 +l _ . ,„ . 3 N 
\ r mi' Ul, ml/ - ( 9 4j+4_i)( 9 4j+5_ 1) - ?gl47 + fJ' 

/.j'l , , „ii \ _ -g 8j+4 +g 8j+2 +(4j+l)g 4j+4 -(8j+2)g 4 i+ 2 + (4i+l)g^+g 2 -l _ . (c) . Is 

These expressions have a clear g = limit equal respectively to 1 and -1, sow— > F as q — > 0. □ 

In the g = 1 limit, these expressions yields identically 0, which is confirmed by the fact that all 
one-forms are central, it could be expressed as d(aa* + 66*) = d 1. 

Note that since the invariant one-form we constructed differs by OP~°° from F, hence any 
commutator with it will be itself in OP~°°. 

We do not know if a central form u is automatically invariant by the action of both U q (su(2)), 
that is: h>u> = e(h)u. 

Proposition 5.3. The order one calculus up to OP~°° is not universal. 
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Proof. Let us take the one- form ujp from ([56]) . which gives F. Then, for any x G A(SU q (2)) we 
have tt_(xuif — upx) = 0. □ 

Corollary 5.4. S&H modu/o OP' 00 , 1 G tt(^(.A)). 

Proof. 1 = F 2 is by definition in 7r(ft 2 (y4)). □ 
In fact, one checks, using (Q2D, (JTgJ, (J22J) that 

q 2 da da* — da* da = 1 — q 2 (59) 

showing again that 1 G 7r(0^(^l)). 

Similarly, using HE) and CCD, (|22D, 4231), we get still up to OP' 00 

qdadb = dbda, qdadb* = db* da, 

da* db = qdb da* , da* db* = q db* da* 

db db* = db*db, da da* + dbdb* = - 1 . (60) 

The use of the last equality of (|60|) and (|59l) gives 

Proposition 5.5. Up to OP~°°, F is not a (universal) closed one-form, as 

da* da + q 2 da da* + q 2 db* db + q 2 dbdb* = -1 - q 2 . (61) 

5.2 The ideal ft 

In order to perform explicit calculations of all terms of the spectral action, we observe that each 
5-one-form could be expressed in terms of x5(z)y, where z is one of the generators a,a*,b,b* 
and x,y are some elements of the algebra A(SU q (2)). 

Then, for the computation of §■ xdzy\D\~ l we can use the trace property of the noncommutative 
integral to get: 

jx5{z)y\D\- 1 = j yx5(z)\D\- 1 + j x8{z)\D\- 1 6{y)\D\- 1 . 

Therefore, the problem of calculating the tadpole-like integral could be in effect reduced to the 
calculation of much simpler integrals: f x5(z) for all generators z and the integrals of higher 
order in 

However, it appears that the calculations of higher-order terms simplify a lot, when we further 
restrict the algebra by introducing an ideal, which is invisible to the parts of integral at dimension 
2 and 3. For instance, consider the space of pseudo differential operators T G ^(A) of order 
less or equal to zero (see [16]), which satisfy 

jrt\D\~ 2 =jtT\D\- 2 =jrt\D\- 3 =jtT\D\- z = 0, Vt G ^>o(A). (62) 

The elements a_, 6-6+, 6_6^_ and their adjoints are in this space up to OP^°°: this is due 
to the fact that in Theorem 13,41 t\ (8> T\{r{xy\ = when r{x) G tt±(A) ® w±(A) mod OP~°° 
contains tensor products of ir±(b) or 7r±(6*) since these elements are in the kernel of the grading 
a. 
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Definition 5.6. Let R be the kernel in X of {a® a) or where r is the Hopf-map defined in (|30p 
and a is the symbol map and let 1Z be the vector space generated by R and RF. 

Note that R is a *-ideal in X and 

a_, b-b + (= q 2 b + b ), 6_ b* + are in 1Z. 

By construction and Theorem 13.41 any T G 1Z satisfies (|62|) and 1Z is invariant by F. 
Moreover, by CED, [6_, b*_] G R, so by flE} and j22|), a^a+ - g 2 a+a^ - (1 - g 2 ) G R and by 
(|23l) . ga + 6_ - 6_a+ G i?. 

It is interesting to quote, thanks to Theorem 13.41 that if x G R, then f F x \T>\ = while a 
priori, fx | X?| 1 7^ 0. 

Note that F G $>°(A) also satisfies (|B3J) by Theorem El while F £ 1Z since F 2 = 1. 
Moreover other elements are in 7£ like for instance d(b*b) = d(bb*): 

5(bb*) = —5(aa*) = —5aa* — a5a* = — (a+ — a_)(a+ + a* ) — (a + + a_)(a* — a+) 
= 2{aj r a*_ — a_a^) 

is in R since a_ G R yielding d(bb*) G -RF. 

We do not know if 1Z is equal to the subset of the algebra generated by B and B F satisfying 



Lemma 5.7. 1Z is a *-ideal in if? (A) which is invariant by F, d, 5. 

Proof. Since R is an ideal in X = B mod OP~°° (see Remark 13. 3p . 1Z appears to be an ideal in 
^f?°(A) C algebra generated by B and BF . Since 1Z is invariant by F, its invariance by d follows 
from its invariance by 5 which is true on the generators of R. □ 

Note that, according to Theorem 14. 131 f da \D\~ 2 = f da |D|~ 3 = while fa*da |-D|~ 3 = 2 which 
emphasize the role of "for all t" in 



Lemma 5.8. For any t G #q(A) and T £ 1Z, we have j tT \D\~ l =§Tt\D\- 1 . 

Proof. For any t G B, we have jTt\D\~ l = ftT\D\~ l + $T |-D| _1 5(t) {D^ 1 and moreover 
jT\D\~ l 5{t) \D\^ =$T8(t) \D\~ 2 -jT5 2 {t) |L>|~ 3 which comes from 

iDr^^pr 1 = <5(i)ir>r 2 + ti^rvwu^r 1 = *(*)i^r 2 - i^r^wi^r 2 

= 5{t)\D\- 2 - 5 2 {t)\D\' 3 + iDl-WtylD]- 3 . 



So we get the result because T satisfies (l62j) , □ 

Lemma 5.9. If ~ means equality up to the ideal 7Z, the following rules with d{.) = [D, .] of the 
first- order differential calculus hold (forgetting tt_) 

a da ~ da a, a* da ~ —da* a, bda ~ qdab, b* da ~ qdab* , 

ada*~-daa*, a* da* ~ da* a* , bda* ~ q^ 1 da* b, b* da* ~ q^ 1 da* b* , 

adb q -1 dba, a*db~qdba*, bdb~dbb, b* db ~ dbb* ~ —bdb* , 

a db* ~ q- 1 db* a, a* db* ~qdb*a*, b db* ~ db* b ~ -6* db, b* db* ~ dfe* b* . 

Moreover 

a* da- q 2 daa* ~ (1 - q 2 ) F, q 2 a da* - da* a ~ (1 - q 2 ) F. (63) 
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Proof. The table follows from relations ([7]) and Lemma 13.21 with (|28p (one can also use (|15p .) 
For instance, since a_ G 7?., using the fact that 7Z is invariant by F, 

bda = (b + + 6_)(a + - a_) F ~ (6+ + 6_)(a + + a_) F = baF = qabF ~ g (a+ - a_) F6 
= qdab 

or similarly, a* da = (a+ + a!_)(a+ — a_)F ~ (a+ — a*_)(a+ + a_).F = — da* a. 

The second of equivalence of (|63p is just the adjoint of the first one that we prove now: 



a* da — q 2 da a* = (a*j_ + a*_)(a+ — a )F — q 2 (a+ — a^)F(a* i _ + a*_) 

~ (a* + + a*_)(a + + a_)F - g 2 (a+ + a_)(a+ + o*_)F = (a*a - g 2 aa*) F 

= {l-q 2 )F. □ 

Remark 5.10. The above written rules remain valid if dx is replaced by 5{x) and F by 1. 
Working modulo 1Z simplifies the writing of a one-form: 

Lemma 5.11. (i) Every one- form A can be, up to elements from 1Z, presented as 

A ~ x a da + da* x a * + x^db + db* Xb* , 
where all x* ore the elements of A. 

(ii) When A is self adjoint, A can be written up to 1Z (not in a unique way, though) as 

A ~ x a da — da* (x a )* + X},db — db* (xf,)* , 
where x a ,Xb are arbitrary elements of A. 

Proof, (i) A basis for one-forms consists of the following forms: a a b^(b*) 1 d(a a '6^'(6*) 7 ') , where 
a, a' G Z and 0,^,/3',^ G N. 

Using the Leibniz rule and the commutation rules within the algebra (up to the 7Z according 
to Lemma l5.9p . we reduce the problem to the case of the forms: (a a b^(b*y) dx (a a ' V (b*)^') , 
where x can be either of the generators a,a*,b,b*. If x = b or x = 6*, the straightforward 
application of the rules of the differential calculus leads to the answer that the one-form could 
be expressed as: a a b^(b*)^ db and db* a a b f3 (b*p. 

Similar considerations for the case x = a, a* lead to the remaining terms. 

Note that the presentation is not unique, since there still might remain terms, which are in 1Z, 
for example: b*db + db*b = d(bb*) G 1Z. 

(ii) is direct. □ 

Next we can start explicit calculation of the integrals, beginning with the tadpole terms. 
Application of the Leibniz rule yields to a presentation of one-forms which is different from the 
one of previous lemma. Each 5-one-form could be expressed, as a finite sum of the terms x5(z)y, 
where z is one of the generators o, a*, b, b* and x, y are some elements of the algebra A(SU q (2)) . 

Proposition 5.12. For all x,y G A(SU q (2)) and z G {a, a*, b, b*} we have 

jx5(z)y \D\~ l =jyx5{z) + j x5{z)5(y) \D\~ 2 -jx5{z)5 2 (y) \V\~ 3 . 
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Proof. This is just the application of the trace property of the noncommutative integral, together 
with the identity: |jD| _1 5(z)|D| _1 = - [|-D| _1 , z] . □ 

Remark 5.13. The computation of tadpole- like integrals is reduced to the integrals ^ x5{z)\T>\^ 1 
for all generators z and the integrals of higher order in \D\~ 2 . However, the calculations of 
higher-order terms simplify a lot after we use the relations which hold up to the ideal TZ: this 
erases parts of integral depending on \T>\~ 2 and |£>|~ 3 . Thus, beside J x5(z) \V\~ , we only need 
to compute f x5(z) 5 (z')\V\~ 2 where z and z' are generators, since all the \V\~ 3 integrals have 
already been explicitly computed in section 4-6 (these integrals do not depend on q.) 
Besides the tadpole, the only integrals that need to be computed are f A\T>\~ 2 and f A 2 \T>\~ 2 
where A is a 5-1-form. Working modulo 1Z and using again Leibniz rule, we only need to 
compute j x5{z) \T>\~ 2 and the previous integrals j x5(z)5(z') \V\~ 2 . 



5.2.1 Operators L q and M„ 



n3 1p 



In the notation vj m of 7i, we have already use the j dependence in (fP2j) with J q vL , := q 3 u ,. 
Let L q and M q be the similar diagonal operators 

l q v L,i -=<i 2lv L,i> 

1V1 1 V m,l ■— 1 °m,l ■ 

We immediately get 

Lemma 5.14. For n £ N* , j{L q ) n \V~ 2 \ = j(M q ) n \V~ 2 \ = . 
Proof. We have 



oo 2j 2j+l 

Tr(L«P|- 2 -) = E Et'^ 

2j=0m=0 1=0 



oo oo 

1 2n(2j+2) _ s „ x _ 2n(2j+2) ,_ 2 _ s 



( 2 J + 1) l- q 2n d j+ + 2^ (2j + 1) i_ g 2n rfj 

2i=0 2j=0 
™(C(s + 1, I) + C(« + 1, \) ~e T^^ S + 1 



where ~o means modulo a function holomorphic at 0. This gives the result for L q and a similar 
computation can be done for Ml 1 . □ 

The interest of these operators stems in 

Lemma 5.15. We have L q M q £ 1Z. Moreover, 

b 5b* ~ M q - Lq, b*6b ~ L q - M q , bb* ~ L q + M q , 

a8(a*) ~ -aa* ~L q + M q -l, a* 5a ~ a* a ~ 1 - g 2 (L g + M 9 ), 

da da* ~ L q + M q -1, da* da ~ g 2 (L g + M g ) - 1, 

b n - 2 {b*) n dbdb ~ (L 9 ) n + (M g ) n , 

6 n-l ( 6 *)n-l „ _( Lg) n _ (M(?) n ; 

6"(6*)"- 2 do* db* ~ (L g ) n + (M g ) n . 
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Proof. Since L q M q = q 2 a_a* G 72., we compute up to the ideal 72 

bdb* = (6+ + &_)(&* - b* + ) ~ -6+6; + = M 5 - L g + L g M g (l - g 2 ) ~ M q - L q 
and similarly for the other relations. □ 

5.2.2 Automorphisms of the algebra and symmetries of integrals 
Proposition 5.16. For any n G N* ; 



j{bb*) n b* 6b IV]- 1 = j{bb*) n b5b* IP]" 1 



2 



n j _ -2q 4 "+ 2 -2q 4n ~2{/ 2n + 2 +6g 2 " 

dad L> — (l_ ? 2n)2(l_g2n + 2) 5 

™n* rla T>~ 1 - 6g 2 "+ 2 -2 9 2 "-2g 2 -2 

«a ^ - (1 _ g 2n ) 2 (1 _g2n + 2 ) • 

Note that the knowledge of these integral is enough for the computation of any term of the form 

j x8{z)\V\- 1 , where z is a generator, since any other 5-one-form will be unbalanced. 

To show this proposition, we will use few symmetries, properties of the ideal 72 and replacement 

of 5-one- forms in terms of L q , M q as above. 

Let U be the following unitary operator on the Hilbert space: 

Uv j ^ = (~l) m+l vQ, Uv^ = (-ir+ l vQ. 
Then, by explicit computations we have 

U*aU = a, U*a*U = a*, U*bU = b*, U*b*U = b, and U*VU = -V. 

Lemma 5.17. Each noncommutative integral (|55p of an element of the algebra or differential 
forms is (up to sign) invariant under the algebra automorphism p defined by 

p(a):=a, p(a*):=a*, p(b):=b*, p{b*):=b. (64) 

Proof. For any homogeneous polynomial p and any k G N, 

jp(a, a*,b, b*,V) V- k = j U*p(a, a*, b, b*,V) V-' n U 

= (-l) fc j P (U*aU, U*a*U, U*bU, U*b*U, U*VU) V~ k 

= (-l) k+d fp(p(a),p(a*),p(b),p(b*),V)V- k , 

where d is the degree of p with respect to I?. □ 
Corollary 5.18. For any n G N, f(bb*) n b* dbV' 1 = j{bb*) n bdb* V' 1 . 
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Lemma 5.19. For any x,y G ^°(A), 

(i) jxylV^ 1 =jyx\V\- 1 + j x5{y)\V\~ 2 - j x5 2 (y) \V\~ 2 . 

(ii) j- z xT>~ 1 yT>~ 1 = j- z xyT>~ 2 , where z £ A contains b or b* . 

Proof, (i) is direct consequence of the trace property of / and the fact that OP~ 4 operators are 

trace-class. 

ii) We calculate: 



f 



zxyT> 2 . 



The last step is based on the observation that any integral with T> 3 vanishes if the expression 
integrated contains b or b* . □ 



Lemma 5.20. For any n G N, 

l_,j2n + 2 



(t) j{bb*) n b* dbV- 1 2 

(ii) j{bb*) n d{bb*)V- 1 = 0. 

(in) j{bbT\D\-' = ^£p. 

Proof, (i) With n > 1, we begin with f d ((bb*) n ) = 0, which follows directly from the trace 
property of the noncommutative integral. Expanding the expression using Leibniz rule and the 
commutation 

xV- 1 =V- 1 x + V- 1 [D,x]V- 1 , (65) 

we obtain 

n— 1 „ Ti—l 



= W&* dbb n - k -\b*) n V^ + Y,} bn ( b *) k db* (fe*)"-^ 1 V- 1 

k=0 fc=0 

=n (J b 11 - 1 ^*)* 1 dbV' 1 + ^ 6 n (6*) n - 1 d6* D" 1 ^ 

71—1 „ 

Y^f (b k dbV^diV 1 -*- 1 ^*)' 1 ^- 1 + b n {b*) k db* V- 1 d((b*) n - k - 1 )V- 1 ^J . 



k=0 

Using Lemma [5.191 



=n 4 (bb*) n - 1 (b* db + b db*) V' 1 



j(bb*) n - l {b* 

+ j(\n(n - l)b n - 2 (b*) n dbdb + n 2 b n ~ x (b*)* 1 - 1 dbdb* + \n(n - l)b n (b*) n - 2 db* db*) V 



2 
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The integrals with V 2 could be easily calculated when we take restrict ourselves to calculations 
modulo ideal 1Z: 

nj(bb*) n ~\b* db + bdb*) V- 1 = -2 (n(n - 1) - 2n 2 + n(n - 1)) ^ = . 

Hence / (66*) n ~ 1 (6* db + 6d6*)X>~ 1 = 1 _ 4 qin , which together with Corollary 15.181 proves i). 
(ii) In a similar way, f (66*) ?l - 1 d(66*) T^ 1 = = j(bb*) n - 1 d{aa*) V' 1 implies: 

n-1 



= Y,{bb*) n ~ k ~ 1 d(bb*)(bb*) k V' 1 

k=0 

=n^(66*) n_ M^*) P- 1 + |n(n - 1) j (bb*) n - 2 d(bb*) d(bb*)V- 2 
=nj(bb*) n - l d(bb*)V- x , 

where in the last step we used that d{bb*) G 72.. The identity (ii) now follows from the equality 
aa* = 1 — 66*. 

{Hi) Using Lemma 15.191 we get 

A n := j{bb*) n \D\- 1 = j{bb*) n (aa* + bb^D^ 1 
and we push now a* through |7J| _1 and from cyclicity of the trace through (66*) n , 

= A n+1 +j(bb*) n q 2n a*a\D\- 1 + j ' (bb*) n q 2n a5(a*) \D\~ 2 
the last term being calculated explicitly, since up to ideal 1Z, a5(a*) ~ L q + M q — 1, 



= A n+1 (l - q 2n+2 ) + q 2n A n + 4 [-^^ - ^ , . 
which leads to 

Assuming A n = {l J q \ n ^i we have /"^t = /"^iJ+t , and taking into account that A = -2 , 1 1 _j"C 2 , 
we obtain A n = -2 (1 _^ n) a • □ 

Finally, to get Proposition 15.16] it remains to prove 

Lemma 5.21. For n > 1, 

-^(66*) n 

-^(66*) n a* 

Proof. First, using Leibniz rule, (|65p and Lemma 15.191 we have (for n > 1 

j(bb*) n ada* V~ l = -q 2n j(bb*) n a* da - j \bb*) n dada* V' 2 



l„ ,* -n-l _ -2q 4n + 2 -2q 4n -2q 2n+2 +6q 2n 

" "'" U ~ (l_ 9 2n)2( 1 _ 9 2n + 2) , 

j ^-1 _ 6g 2 "+ 2 -2{/ 2 "-2q 2 -2 

a ° U ~ (l_q2n)2( 1 _ g 2n+2) • 
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Further, we use the identity (|56|) : 

j(bb*) n (a* da + q 2 a da* + q 2 bdb* + q 2 b* db) V~ l = (1 - q 2 )j{bb*) n \D\^ . 
taking into account that FT) = \D\. 

These equations give together a system of linear equations 

j{bb*) n ada*V- 1 +q 2n j(bb*) n a*daV- 1 = -4 - TZ ^) , 

q 2 j{bb*) n ada*V- 1 + j ' (bb*) n a* daV~ l = -2(1 - q 2 )j£^ - 
which is solved by the expressions stated in the lemma. □ 
5.2.3 The noncommutative integrals at \D\~ 2 

We need to separate this task into two problems. First, we shall to calculate all integrals 
fx 5(z)\D\~ 2 , with x G A(SU q (2)) and z being one of the generators. The second problem is to 
calculate fx 5(y) 5(z) \D\~ 2 , with both y and z being the generators {a, a*, b, b*}. 

Lemma 5.22. The only a priori non-vanishing integrals of the type f x 5(z) \D\~ 2 are forn E N: 

j{bb*) n b*8{b) \V\- 2 =j{bb*) n b5{b*) \V\~ 2 = 0, 
j{bb*) n a5{a*) \V\~ 2 = {q S n \ ( fJ en) , n>0 



j{bb*) n a*5{a) 



1751-2 _ 4(i 7 q 2 ) 

\ U \ ~ (l~q 2n + 2 )(l-q 2n ) 



Proof. Since a5(a*) ~ L q + M q - 1 and (bb*) n ~ U q l + M™, we get 

(bb*) n aS(a*) ~ L™ +1 + M™ +1 - L n q - M™ 

and the second result is obtained from Lemma 15.141 The other integrals are computed in a 
similar way. □ 
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Lemma 5.23. The only a priori non-vanishing integrals of the typefx dy dz \D\ 2 are for n G N: 

j{bb*) n (b*) 2 dbdb\V\- 2 - ' 



l—q'2n+4 1 



dbdb*\v\- 2 = T ^^, 



j{bb*) n {a*b*){dadb)\V\~ 2 = 0, 
j{bb*) n {ab*){da* db)\V\- 2 = 0, 
j \bb*) n (a*b)(dadb*)\V\- 2 = 0, 
j{bb*) n {ab){da 



*db*) \V\~ 2 = 0, 



j{bb*) n (dada*) \V\- 2 = {1 t { P^Cj, n) , n>0 



1711-2 _ 4(g 2 -l) 

— ( 1 _ g 2n + 2)( 1 _ f; 2n) 



^(66* ) n (da* da) 

Proof. This follows from Lemma [5. 141 with the equivalences up to TZ gathered in Lemma [5.151 □ 



6 Examples of spectral action 

It is clear from Theorem 14.31 that any one-form of the form ada, bdb, adb, a*db, etc... do not 
contribute to the spectral action. Indeed, only the balanced parts of one-forms give a possibly 
nonzero term in the coefficients. Let us now give the values of the terms j- A n \D\~ P and the full 
Cx> A (0) for few examples 

Table 1: Values of noncommutative integrals 
A jA\V\-z jA 2 \V\-z §A*\V\-3 jA\V\- 2 jA 2 \V\~ 2 j A\V\~^ CvM 

n * r1n 9 o o 4g 2 4g 2 (g 2 +2) 3g 2 +l llg 4 +36g 2 +13 

U aa Z L Z q*=i g 4 -l 2(g 2 -l) 3(g 4 -l) 

b*db — 2- 



g 4 -l g^T .i*- 1 . 

ada* -2 2-2 



4 4(2g 2 +l) g 2 +3 13g 4 +36g 2 +ll 



g*=T g 4 -l 2(g 2 -l) 3(g 4 -l) 

6d6* -^4, 2~~ r 

g — 1 g^ — 1 g — 1 



1) Clearly the spectral action depends on q: for instance, 

S(V a * da ,$,A) = 2 $3 A 3 - 8 d> 2 A 2 + ^±py ^ A 1 + ^ff 6 ^ 13 $(0). 

2) Moreover, for 5 := a 5a* and A := f? + B* , we get since B ~ 5* mod 7?., 

j A p \V\~ k = 2 P j B p \V\~ k , l<p<k<3. (66) 
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Thus the spectral action of the selfadjoint one- form A := ada* + (ada*)* is 

S(V A ,$,A) = 2 <j> 3 A 3 + 16 cD 2 A 2 + $1 A 1 + ~ 2 $(0). 

3) When 5 n := (bb*) n b5b*, then by Lemma (15.151) . 2? n ~ 5*, so for A n := B n + B*, the equation 
dMD is still valid and/ B£ |P|" fe are all zero but f B n {V^ 1 = ^ 2 2n+2 and/ 5 2 |£>|- 2 = — \ n+i , 
so 

5(P An ,$,A) = 2$3A 3 -i< &1 Ai + T _! T ^d>(0). (67) 
Remark that this spectral action still exists as q — > l! 

Note however that the symmetrization process (1660 is not true in general, for instance if B := a 5b 
and A + then / A 2 ]^- 1 = 8( ^I^ 1) while/ B 2 \V\~ X = or f [B, B*}\V\- X = . 

4) The spectral action can be also independent of q: for instance, if A = 1 _ 2 £(2?) is the 
(/-dependent selfadjoint one- form given in ((55]) . then, 

13 
3 • 



«S(P A , *, A) = 2 $ 3 A 3 - 8 $ 2 A 2 + § $i A 1 



7 The commutative sphere § 3 

Since SU(2) ~ S 3 , we get a concrete spinorial representation of the algebra A := C°°(S 3 ) on 
the same Hilbert space Ti and same Dirac operator T> with (|1U|) where q = 1 which means that 
g-numbers are trivial: [a] = a. So 



7r(a)|i/m))- + 

7r(6) |j>n» 
vr(a*) |j/m)) 
vr(&*) |j/m)) 



"In + «j M n li ^ +nH 



5 in liV~?0) + li~>~"~ 



#U tf + M~n + » + |j">~n + » (68) 



where 



o 



jVm • Vi + + 1 | y/j-n+l/2 y/j+n+l/2] 
(2j+l)(2j+2 2j+l 



y/j+n+3/2 
2j+2 



a 



y/j-n+l/2 y/j+n+1/2 
2j+l 2j(2j+l) 



J>" ^ ^_ n _l /2 
U 2j 
y/j-n+3/2 Q 

/^n := W + + 1 [ ^j+t+1/2 y/j-n+l/2 

~(2j+l)(2j+2) 2j+l 

y/j+n+1/2 y/j-n+l/2 

Q- . = ./J—, I 2j+l 2j(2j+l 

U 2j 



-j±yu-rrl 



with a±„ := (aJ ±M _ n _)*, := (/3J ± 

Note that the representation on the vectors i^L l is not as convenient as in (jlip . 

One can check that the generators 7r(a), 7r(6) and their adjoint commute and that [a;, [P', y]] = 

for any x, y G A. 
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7.1 Translation of Dirac operator 

In general the Dirac operator is denned in a more symmetric way than that we did. So, although 
not absolutely necessary here, we define for the interested reader the unbounded self-adjoint 
translated operator V on H by the constant A as 

V := V + A. 

For instance, this gives for A = in the case of § 3 , see [32], V v :> rnl = (2j + 1)(q i)^; so 
v mi * s an e ig envec t° r of \T>'\. 

As the following lemma shows, the computation of noncommutative integrals involving T> can 
be reduced to the computation of certain noncommutative integrals involving T>': 

Lemma 7.1. If j T := Res s=0 TV (T|P'|~ S ) , then for any 1-form A on a spectral triple of 
dimension n, 

j A \ V \~{n-2) = j' A | P '|-(n-2) + \(n - 2) j' AV'\V\~ n + A 2 j' A \V'\~ n , 

j A D-("- 2 ) = j' A P'-(™-2) + A (n - 2) j' A V'~^ + A 2 (n ~ 1) 2 (n ~ 2) j' A V'~ n . 
Proof. Recall from [22, Proposition 4.8] that for any pseudodifferential operator P, 



f 



P\V\~ r = Res s=0 Tr (P\V\- r \V'\- s ) 



Moreover, by [22, Lemma 4.3], for any s £ C and JVgN* 

N 

\V\- S = \V'\- S + Y,K p , s Y p \V'\- s mod OP^- 1 -^ (69) 
P =i 

where Y = Ylk=i (~ 2 ^ + A 2 ) fc £>'~ 2fc mod OP~ N ~ 1 and K PjS are complex numbers that 

can be explicitly computed. Precisely, we find K PjS = (— §) p V(p) where V{p) is the volume of the 
p-simplex. Since the spectral dimension is n, we work modulo OP~( Tl+1 \ and for s = n — 2, we 
get from (JM]): |£>|-(™- 2 ) = |£>'|-(™- 2 ) + A(n - 2)V'\V'\- n + A 2 ("-iX"- 2 ) mod OP"( n+1 ). 

As a consequence, we have for P £ OP (the OP spaces are the same for T> or 2?'), 

y p|p|-(n-2) = j + A ^ n _ 2 )j' PV'\V'\- n + A 2 (n ~ 1} 2 (n ~ 2) P|P'|-". 

Since ^4 and AP are in OP , we get both formulae. □ 
7.2 Tadpole and spectral action on S 3 

We consider now the commutative spectral triple (C°°(S> 3 ), Tt, T>). It is 1-summable since 
((j/J-n s | [P, ir(x)] \ jfin s)) = when x = a, a* , b, b* for any j, fj,, n, s = j, j. 
All integrals of above lemma are zero for § 3 : 

Proposition 7.2. There is no tadpole of any order on the commutative real spectral triple 
(C°°(S 3 ), TL, T>). In fact, for any one-form or 5-one-form A, f AT>~ V = for p£ {1,2,3}. 
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Proof. We first want to prove J AD p = for p £ {1,2,3} and any one-form A. Since the 
representation is real, that is any matrix elements of the generators are real, so must be the 
trace of AD~ P . Hence j AV~ P = jA*V' p . 

The reality operator J introduced in (|29p satisfies, when q = 1, the commutative relation 
JxJ- 1 = x * for x € A. Thus JAJ- 1 = -A*, so j AV~ P = j J {A*V- p ) J- 1 = -jA*V~ p and 
j AD~ P = 0. Similar proof for the 5-form AF. □ 

For any selfadjoint one-form A, T>a '■= T> + A = D. Thus, the spectral action for the real spectral 
triple (C°°(S 3 ), H, V) for V A is trivialized by 

S(V A , A) = 2 $ 3 A 3 - i $i A 1 + 0(Ar l ). (70) 

But it is more natural to compare with the spectral action of T>+A. This is obtained respectively 
from Lemma 14.181 and general heat kernel approach [27]: 

S(V + A,$,A) = 2<5> 3 A 3 + j \V + Al^iA 1 + C(A" 1 ) 

since all terms of © in A n ~ k are zero for k odd and Cd+a(0) = when n is odd: as a verification, 
+ A\~ 2 is zero according to [22, Lemma 4.10], Lemmas 14. 181 and Proposition 17.21 Similarly, 
0d+a(0) = because in ([3]), all terms with k odd are zero (same proof as in Proposition I7.2[) 
but for k even, it is not that easy to show that f AD^ 1 AV~ l = 0. 
Moreover, the curvature term does not depend on A: 

Lemma 7.3. For any one-form A on a commutative spectral triple of dimension n based on a 
compact Riemannian spin c manifold without boundary, we have 

j\V + A\- {n ~ 2) = j |P|- (n ~ 2) . (71) 

Proof. Follows from [23, first formula page 511] with p := A = A*, N(p) = p (the constraint 
JpJ -1 = ±p is not used.) 

One can also use [15, Proposition 1.149]. □ 

From [22, Lemma 4.10] f \V + A\~^~ 2 ) =f\V\-^- 2 ) + n&jf^l j{AF) 2 \V\~^ + j A 2 \V\-^ 

using X := AV + VA + A 2 and [|P|, A] £ OP , but again, it is not that easy to show that the 
last two terms cancelled: for instance here, for B = b[T>,b*], we obtain by direct computation 
(using the easiest translated Dirac operator T>') 

Tr (B 2 \V'\- 3 ~ S ) = Tr ((B*) 2 \V\- 3 - s ) = \ Tr (BB*\V\- 3 - s ) = \ Tr (B*B\V\- 3 - s ) 

so/ B 2 \V'\' 3 = §. Similarly, one checks that j{BF) 2 \V\-' 3 = \ j BFB*F\V\~ 3 = -§. Thus if 
A := B + B*, fA 2 \V\- 3 = j A 2 \V'\~ 3 = 4 and f(AF) 2 \V\-' 3 = -f which yields to (EE]). 
Thus for any one-form A on the 3-sphere, 

S{V + A, A) = 2 $ 3 A 3 - | $i A 1 + e>(A-\ A) 

which as (|70|) is not identical to (|67|) which contains a nonzero constant term A for q = 1. 
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8 Conclusion 



We computed in this paper the full spectral action on the SU g (2) spectral triple of [21] with 
the reality operator J (notice the change of definition for pseudodifferential operators.) The 
dimension spectrum being a finite set, there is only a finite number of terms in the spectral 
action expansion. The tadpole hypothesis is not satisfied on SU q {2). We saw that that the 
action depends on q and the limit q — > 1 does not exist automatically. When it exists, such limit 
does not lead to the associated action on the commutative sphere S 3 . The sign F of the Dirac 
operator has special properties: first, it commutes modulo OP~°° with elements of the algebra, 
and second, it can be seen as a one-form, giving terms independent of q in the spectral action. 
Here, we were interested in the computation of the spectral action of a quantum group. Naturally, 
it would be interesting to investigate other related cases like the Podles spheres [17, 19] or the 
Euclidean quantum spheres [20,35], especially the 4-sphere [18]. 
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